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Introduction

Walras introduces the general equilibrium theorysuccessive stages, the following one
including the preceding one. These stages arethtiy of exchange of two commodities for
each other (Part Il of the Elements); the theoryexthange of several commodities for one
another (Part Ill); the theory of production (Piaf}; the theory of capitalization and credit (Part
V); and the theory of circulation and money (PaltV

The analysis of the exchange and production ofdfigapital goods was presented by
Walras in the second edition of his Elements. Tthisory, though misunderstood by some
readers, is perfectly consisténa version of it, slightly different from the origal Walrasian
version, is given in Section 3: a kind of secusitihich is issued and exchanged, is introduced
in place of the Walrasian fictitious good, the mtal net income.

Most of the discussion, however, will be devotedhi theory of money, which is the most
controversial part of the Walrasian system. Wailnioduced in the successive editions of his
Elements three different versions of the theorymzfney?® In the first edition the Walrasian
theory of money consists of a transaction equatignch is a completely analogous formulation
to the one developed later by Fisher. In the seemtthird editions the notion ofrculation a
desserviris substituted by the notion @hcaisse désiréaf desired cash balance, which is a
formulation analogous to the one developed lateMayshall? In the fourth edition (and in the
definitive one) Walras presents a very elaboragemy of money which is connected, unlike the
preceding ones, to the remaining part of his thexaebuilding, because of the link between
money and circulating capital goods (consumer g@ikraw materials). The money services,
which give an indirect utility to money, consistaftaining the availability of circulating capital
goods. In other words, the demanded quantity ofepatepends on the marginal utilities (and,
for producers, by the coefficients) of the avaliliépiservices of the circulating capital goods.
Walras’ theory of money as been less successfalhiigtheories of exchange and of production.
The theory of money has been neglected even if seco@omists have appreciated it, and

" Bocconi University, Milan. This paper is a revisiof preceding versions (Montesano, 1986 and 1991).

! Obviously, data introduced in a subsequent stageribute to determine variables introduced in pheceding
stages. For instance, the coefficients of producfiatroduced in Part IV) contribute to determiree tprices of
consumer goods (introduced in Parts Il and 1ll). @& contrary, Negishi (1977, pp. 602-03 and 6Hlielkes that
money does not affect variables except the geiferal of prices, because money is introduced it Rarafter the
determination of the relative prices in the prengdparts. This argument is similar to Nogaro's 61 3ip. 687-88).
However, relative prices do not depend on moneyafey is a veil.

% A debate on the Walrasian theory of capitalizatmok place among Italian economists in the sixfdentesano,
1970 and 1971). The Walrasian theory of capitatimatvas discussed, among others, by Jaffé (19383sK1957),
Morishima (1960), Collard (1973), Walker (1984) arzch Daal (1998).

® These three versions are proposed respectively dlyad/(1874), Walras (1889 and 1896) and Walra8QEhd
1926). An outline is given by Jaffé (Walras, 19pg, 600-02) and Porta (1980, pp. 18-34).

“ It has been discussed whether this theory antispthe Cash-Balance Approach, as Marget (1931msc or it
provides only a Cash-Balance Equation, as Pati(k®@65, pp. 542-46) asserts (in this case a demancébney
determined by its marginal utility would not exist)
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criticisms, developments and discussions have @en tecking. | believe that Walras’ theory of
money (of course, the last version) contains a weigresting core. This theory provides the
general equilibrium approach to the analysis of eyoas the medium of exchange, which is its
only possible use in the world without friction, agmtainty and illusion which Walras has
idealized. In other words, Walras’ theory concédirespure transaction demand for money. This
approach can be a starting point to more realatialyses, which are obtained by introducing
friction (in particular, transaction costs) and erainty (thus considering the precautionary and
speculative demand for money). Walras’ theory ofney however, is tarnished by some
ambiguities and inconsistencies. Moreover, thedre account of the theory does not always
correspond to its mathematical formulatfofihe primary aim of this paper is not to comment
Walras’ theory of money, but to restate it throughformulation avoiding the original
ambiguities and inconsistencies. Obviously, any rfewnulation (among many possibie)
implies an alteration of the original theory. Thestatement proposed by this paper retains, |
believe, the most significant part of Walras’ the@howing, moreover, its importance mainly in
view of further analyses.

|. Some observations on Walras’' theories of capitedation and
money

The Walrasian theories of exchange and productoonal take into account the exchange
and production of fixed capital goods and the inggas of products and money. Their
introduction and analysis are respectively the dbpé the theory of capitalization and credit and
of the theory of circulation and money, which canvery briefly summarized as follows. The
fixed capital goods are owned only in view of tinledme obtained by selling their services.
Assuming expectations of stationary prices and thatcapital goods produced in the period
under examination can be used only from the folh@vperiod, a uniform rate of net return
results for all fixed capital goods, which are camgently perfect substitutes with infinitely
elastic demands. Savings are determined, accotdiognsumer preferences, as a function of all
prices, comprising the rate of net return. The theaf circulation and money concerns the
services of availability given by the inventoridsscommodities and by money. The services of
availability consist of using commodities beforee tind of the period of production under
examination. Formally, inventories and money armaeded by consumers according to the
utility of their services of availability and by eepreneurs according to their coefficients of
production. Holding inventories and money impliexast, which consists of giving up the
income attainable by holding fixed capital goodssecurities. In equilibrium, the value of the
availability services equals the cost of holdingeintories. Taking into account that the original
formulation of Walras’ theory is affected by inc@tencies, it is appropriate to discuss it in
some detail, before proposing a coherent new fatimr. Walras’ theory of circulation and
money is based on some hypotheses which must béghiged. Starting from those concerning
real goods, the first hypothesis excludes any uaicgey on the prices and the dates of the
exchanges performed during the period under exdammgWalras, 1954, p. 317). This

® Pareto and his followers disregarded Walras’ thaxfr money. Schumpeter (1954, pp. 1020-26 and BBj2-
approved of it. Criticisms were given by Nogaro {@&% Del Vecchio (1909), Hicks (1933) and Patinkii965).
Aupetit’'s theory is a development of Walras’ theowalras’ theory of money was discussed, amongrsthegy
Marget (1931 and 1935), Rosenstein-Rodan (193@)edaand Lecoq (1961), Kuenne (1961 and 1963), olla
(1966), Morishima (1977), Negishi (1977), Jaffé 09 Hall (1983), Walker (1991), Bridel (1997) aReébeyrol
(1998).

® On this aspect, for instance, Hall (1983).

" An example is given by the so-called neowalragi@ory of money, which is declared neowalrasiaty deicause
money is considered in the general equilibrium smhéalbeit a macroeconomic one) and it is includeithe utility
function. The origin of this theory can be attribitto Hicks (1935), its more significant elaboratis provided by
Patinkin (1965). Reformulations nearer to Walr&gdry are those proposed by Aupetit (1901), Kudt8é3) and
Morishima (1977).
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hypothesis will be indicated as the hypothesisestainty in the periodThe second hypothesis
excludes that the goods produced during the penmtér consideration can give the services of
availability during the same period: these servicas be supplied only in the successive period
(Walras, 1954, p. 319). This hypothesis will beitgated as the hypothesis iavariability of the
circulating capital in the periodThe third relevant hypothesis, which is implicidgsumed by
Walras in his theory of capitalization, requigegectations of stationary pric&s

The hypothesis of certainty in the period and gfestations of stationary prices imply that
inventories and money are not demanded for a sp@ceilor precautionary motive, i.e. with
regard to possible changes in prices or possiblayslen the availability of commodities.
Inventories are held (and are useful and productsuece there are asynchronies within the
period under examinatiohThat is, not only does production require timer @itputs to be
available after the correspondent inputs are intted), but also products are used by consumers
and producers after they have been made availagigedoluction.

Consequently, inventories are not constant durimg period but vary according to
asynchronies. Moreover, for any agent, any commpditd money there is at least one instant,
within the period under examination, where the egpondent inventory is zero. In fact no-one
will hold a permanent inventory, which is costlydanseless (because of the hypothesis of
certainty in the period)’

The hypothesis of invariability of the circulatingapital in the period means that the
endowment of circulating capital goods is a datas\ell as that of fixed capital goods), thus
unchangeable within the period. This hypothesislissghat inventories are used once and only
once by consumers and producers. l.e., the owrfeirsventories consume directly or sell to
other agents the commodities they have, which drellyw consumed during the period under
examination. The products of this period can beest@and give their services of availability only
in the following period. Thus, the remuneration tbé services of availability supplied by
inventories must be referred to the whole lengtthefperiod, independently from the particular
instants in which commodities are given and retdrne

One problem, which has been considered neither byra&/ nor by scholars who have
commented on his theory, is the fact that the geodsumed during the period derive both from
inventories and from current production. To thews® tgroups of commodities, however,
different values correspond, since the value ofdgomom inventories also includes the cost of
the services of availability (in addition to thest@f production). This situation is inconsistent
with the condition requiring only one price for aogmmodity. Thus, we must require not only
that products cannot give the services of avaitghih the same period of their production, but
also that they cannot give in this period consuoreproductive services. Consequently, only
the commodities existing in the initial inventoriean be used during the period, while the
commodities produced in the period can be usedenfallowing period. This hypothesis (not

8 Walras’ theory concerns the temporary equilibriim,, time is divided in periods connected to eatter also
through the presence of durable goods. An equilibrcorresponds to each period (Montesano, 197@{7.1710-
12, Donzelli, 1986, pp. 264-68, and Witteloostujliaks, 1988).

° Marget (1935, pp. 160-61), Kuenne (1963, pp. 298 f

1% The hypothesis of expectations of stationary prieecludes not only permanent inventories of cirtingy capital
goods in production but also of circulating capgabds the production of which is unprofitable mpbssible. In
fact, such goods would be stored without being Whobnsumed within the period under examinationydhthe
expected price for the following period is at legkti) times the actual price, wheres the interest rate. This
possibility would be admitted if the hypothesiseapectations of stationary prices excludes the wmes goods and
the raw materials which are not produced in theoperThe consideration of inventories of these gowdll be
disregarded for the sake of simplicity.

> Moreover, the assumption that products can beuwrned in the same period of production, while thegrot be
stored and supply the services of availabilitynseéo be excessively strong.
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assumed by Walras, but determined by the logicmasistency), for whiclproduced goods are
not available before the end of the periatplies the hypothesis of invariability of the
circulating capital in the period.

Examining now particularly the role of money, threnpipal point of Walras’ theory seems
to be the hypothesis that consumers and produegrsmaintain purchasing power during the
period only through money (Walras, 1954, pp. 318)31.e. there ismpossibility of non-
monetary exchanges during the peribtbreover, Walras assumes that money can be letiigat
current interest rate). Consequently, agents mssstnuoney for their purchases; the quantity of
money is related to current payments; and the @osthe proceeds) due to the payment of
interests is proportional for any agent to the escéor the lack) of payments over the
endowment of money. It is appropriate in this schémassume that agents can lend money only
at the beginning of the period, i.¢éhe impossibility of loans after the beginning loé fperiod
Otherwise, every agent would hold money in theanstvhen he gets cash and he would lend
this sum soon after asking for reimbursement thenerd he purchases something. Thus, a very
small quantity of money would be sufficient foraade amount of exchanges and the value of
money, the quantity of which is not nil by assuropfi would be negligiblé® With the
hypothesis of impossibility of loans after the Wegng of the period, agents who have a
sufficient quantity of money in their endowmentsntioue to hold a quantity equal to the
payments envisaged for the period under examinaimahthey lend the outstanding quantity. On
the contrary, agents who have no money in theioenaents (or have an insufficient quantity)
borrow the quantity of money they need for theiymants. In this way money supplies a service
of availability which is identical to that supplidy inventories of goods, taking into account
also that the hypothesis of certainty in the peredermines the partition of the quantity of
money of every agent in his purchases.

In Walras’ theory, however, the demand for the labdity services in money concerns
commodities produced and consumed within the persagce the commodities existing in
agents’ endowments supply the availability servicekind. If we assume as proposed above,
that products are not available before the endefperiod, then money has no role, unless we
modify Walras original description, as will be danehe following Section.

Neither does Walras consider that the availabdéywices in money and those in kind are
perfect substitutes for all agents and, thus, ttnete do not exist different functions of demand
for them®®

Moreover, Walras introduces the relationships efttieory of circulation and money as if
inventories and money could directly supply themvgces of availability with their presence: i.e.
he does not treat explicitly the sale of storeddgoto consumers and producers and the
utilization of money in exchanges, which is theulation of goods and monéy.

Finally, Walras does not introduce the processeatémnination of the quantity of money
between successive periods of time. i.e., not mllge quantity of money a datum for the period

12 This reasoning is the basis of Hicks’ criticisn®88, pp. 446-48) of Walras’ theory of money. AlsosBnstein-
Rodan (1936, pp. 271-72) follows this reasoningilevhinted at this earlier Knight (1921, pp. 193#btnote).
The above assumption has been used by Kuenne (196298-99).

Here money is paper money. The use of credit m¢bayk deposits) changes the description of thelpnabthis
possibility will be briefly analyzed in Section 4.

3 This is Del Vecchio's principal criticism (1909).1269-72) of Walras’ theory. Also Hall (1983, 50).

* The need to consider money as the medium of exghém emphasized by some economists, particularly b
Clower (for instance, Clower 1967), against thewsoasian theory of money. However, neither Clo(l&67) nor
his follower Howitt (1973) take into account thatalhas (1954, pp. 316-317) assumes the impossikifitpon-
monetary exchanges during the period.
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under examination, but it is also constant in tifh¢here are not exogenous changes. This
constancy disagrees with the hypothesis of expentatof stationary prices in the case of
progressive state (considered by Walras the magstoppate for his theory), i.e., when the

quantities of goods and services grow.

lI. A new formulation of Walras’ theories of capitalization and money

After having indicated the foundations and the msistencies of Walras’ theory of
circulation and money it is time to propose a nemnulation which avoids those inconsistencies
and includes all Walrasian theories. The followinygotheses are assumed:

a) certainty in the period

b) expectations of stationary priges

c) unavailability of produced goods before the enthefperiod

d) impossibility of non-monetary exchanges during pegiod (these exchanges
concern the circulating capital goods, while akest transactions-concerning
fixed capital goods and their services, the goodsdyred in the period,
securities and their coupons, interests and pratgipf loans are settled at the
end of the period under examination with monetaaynpents only for the
balance of any agent);

e) impossibility of loans after the beginning of thexipd.

In this formulation two other groups of agents iateoduced together with consumers and
producers. They are tlmvners of fixed capital goodgcluding, in this formulation, also land
and the old fixed capital goods, which were producepast periods and are not produced in the
period under consideration) and tbeners of circulating capital good3he owners of fixed
capital goods sell the services of land and othedfcapital goods relative to the period under
examination; they buy these goods, which are deltvend paid for at the end of the period,
they finance their purchases by issuing securilieese decisions are taken in order to maximize
expected profit (equal to the difference betweenrtét income of capital goods and the coupons
of issued securities). The owners of circulatingitz goods (i.e., goods which can be used by
consumers and producers only once) sell these gdodag the period under examination
against money; at the end of the period they beycilculating capital goods produced in the
period; they finance their purchases by issuing egoifhese decisions are taken in order to
maximize expected profit (equal to the differeneéwzen the proceeds of sales and the cost of
purchases).

Consequently, consumers, whose endowments incliddéea money (which has been
issued at the end of the period before the oneruexiEmination), retain the amount of money
necessary for purchasing consumer goods duringehed and they lend the rest to producers,
who use it for their purchases of productive goods.

Let us now examine the relationships with respethé aforementioned four groups of agents.
1) Owners of fixed capital goods

The endowments of the owners of fixed capital goa@scomposed of assets represented
by a vector K =(K*,...,.K™) of quantities of goods bought in the past and iabilities

represented by securiti®. (Securities are perpetual and measured by toeipans: thus the

15 Aupetit (1901, pp. 149-51) is aware of the needhtmoduce an endogenous change in the quantitparey.
However, Aupetit’'s theory refers to a metallic mprm@oduced under the same conditions as otheratagpbds.
But in Walras’ theory paper money is considered,dbst of production of which is zero.
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unitary security yields one unit of money at thel efi every future period). If the prices of fixed
capital goods are indicated with vectpy, = (pkkl,..., P ), we have the relationship

(1) pkklZ = pszB

where B is the quantity of securities issued in the pastis the market value of a unitary

security, andz is a factor by which the quantit is multiplied in order to obtain the equality
between the values of assets and liabilities. hewotords, since in each issue the value of
securities equals that of assets, if some chamgpsdes occur between successive periods, then
the value of securities issued in the past woulahge (assuming that the emerging profits are
distributed to the holders of securities). Thisragcould be attributed to the coupons and to the
price of old securities (if we prefer to keep thquantity constant) or to the quantity of old
securities (if we prefer to have an identical priceall securities). This latter way is chosen in

the present description. Thus, the variabke0 is introduced and the quanti§ of securities
issued in the past becomeB in the period under examination.

The owners of fixed capital goods sell the serviceative to the period at the prices
P, = (pkl,..., p.* ), which are paid at the end of the period, whencthgonszB are also paid.
The profit relative to the period under examinatiddnhe owners of fixed capital goods is

M =(p.—V py)K -zB

whereV is a diagonal matrix representing the coefficieaftslepreciation and risk (called
M +Vv by Walras). Since the owners of fixed capital godd not use the services, their supply is

totally inelastic.

The owners of fixed capital goods invest (i.e.,yttdemand fixed capital goods) by
maximizing the present value of expected profigdinetd by the difference between the proceeds
of the sales of services and the costs represdiytadtie coupons of the securities issued for

financing the purchases of the corresponding dapit@ds. Representing witldl,,,s,, the

quantities of demanded capital goods and of offeerities of an investor, with indexthe
expected values, and with indéxhe future periods, the present value of expepredits is

=L 0.((P¢—V P )b~ Ses) » Where u, is the factor of discount for timg under the
finance constrainp, s;; = pd . Consequently,

o e 1 A e
T, zztzlut(pk,t _F_V pkk,t)d Kk

B

Since the hypothesis of expectations of statiopaiges requiresp;, = p, and pg , = Py
and the condition of perfect competition requirgés=0, we obtain

@ B =@+ 1)p,
p

B
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i.e., rates of net return of fixed capital good$igh areii"—vi for i =1,...,n) and of

kk

securities (which isi) are all equal® Consequently, at prices satisfying relationship (2
B

capital goods are perfect substitutes and theiratiehis infinitely elasti¢’ Equations (1) and (2)
imply that the current profif7, of the owners of fixed capital goods is zero.

The last equation concerning the owners of fixeditah goods is their total finance
constraint

(3) pkk(xkk_\'}'z) pBXBB

where vectorX,, =0 represents their demands for fixed capital goods (X, is their

total gross investment ang, (X, —VK) is their total net investment), whil&,, is the
quantity of securities issued for financing inveshts. At the end of the period, the owners of
fixed capital goods have vect¢r -V)K + X, of fixed capital goods while the total quantity of

securities iszB+ Xy .

The number of relationships (1)-(3)ms + 2, wheren, is the number of fixed capital goods.

'® Diewert (1978, pp. 78-79) believes that this edyd$ incorrect, i.e., that the original Walras relationship

. ma+%
pikk =1L must be substituted bpikk =1—pB. Diewert refers this relationship also to circulgticapital
—+V —+V
Ps Ps

goods (which would require// =1 and pikk = pik) neglecting that Walras excludes them from theory of

capitalization and credit since they are the obggcthe theory of circulation and money. Walradat@nship is
correct with reference to fixed capital goods themment we consider that they are assumed to beamdgdrom the
period subsequent to that of their production hed their present value is

Vs 7, 7

pl — kK 4+ k + =k
ke 1 1 R |
1+— (L+—Y —

Ps P, P,

where net incomer, is 77, = p, -V p, . We can extend the relationship under examinatiso & circulating
capital goods by including the availability servigehich takes into account that products are obthiafter inputs

P+ P,

are available): consequently we hapg = E where p” is the value of the availability serviog,=1,
JE— + Vi
P
do = PR o P N _
and p, = p,, so thatp, = which requiresp, =—- exactly the relationship proposed by Walras in the
-+ 1 pB
Ps

theory of circulation and money.
' Investment is not infinitely elastic if expectedgas are not stationary. If the demand for fixegitzd goods is
not infinitely elastic and capital goodse not perfect substitutes, then equations (2)sabstituted by demand

functions of the typeD, =F,_(p,,...). Morishima (1977, pp. 100-22), on the contraryjntans conditions (2)
even when a non-infinitely elastic investment isaduced, consequently obtaining an inconsistestesy.
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2) Owners of circulating capital goods

The endowments of the owners of circulating capgabds are composed of assets
represented by a vect@ = (C*,...,C" ) of quantities of goods produced in the precediagopl

and of liabilities represented by the quantity afmay M . During the period under examination,
the owners of circulating capital goods offer thgwods, while consumers and producers
demand them using the whole quantity of money aféel to them. In fact, on the one hand,
consumers and producers prefer not to save moneye st would be better for them,
respectively, to hold securities and not to borrmwney. On the other hand, there is no
advantage for the owners of circulating capital dgpdn holding a speculative store of goods
(since they expect stationary prices). Howeveljngelgoods at current prices is indifferent to
them: we assume that they sell the whole quantfitjroulating capital goods during the period
(i.e., the offer of these goods is determined aethstic). This assumption can be easily justified
taking into account some elements which have bgeluded for the sake of simplicity (such as
the cost of storage and the cost of issuing motfe@onsequently, the owners of circulating
capital goods offer, during the period, the whalewfity of goods and receive correspondingly
the whole quantity of money, so that

(4) M =pC

where vectorp, = (pcl,..., p.® ) represents the prices of circulating capital goods

The owners of circulating capital goods invest (iteey demand circulating capital goods)
by maximizing expected profit. Representing withs,, the quantities of demanded goods and

€,

of offered money of an investor, the expected prifi 77; = pd.—s,, under the finance
constraints,, = p.d.. Consequently,

7 = (ps - p.)d,

The hypothesis of expectations of stationary priceglies that 7z =0, that circulating
capital goods are perfect substitutes, and that temand is infinitely elastic at the current
pricesp,."® (Equation (4) and the condition that consumers pratiucers spend the whole
quantity of moneyM also imply that the current total profit of the mavs of circulating capital
goods is zero, but it does not require that thditpod every owner is zero. We assume for

simplicity that these possible profits, the sumwdiich is zero, do not affect consumers’
incomes).

The last relevant equation concerning the ownersrotilating capital goods is given by
their total finance constraint

(5) P X =M+ X,
where vectorX . =0 represents their demands (i.@.X . is their total gross investment

cc —
and p,(X_ —C) is the total net investment), ai + X,,,, is the total amount of money issued

at the end of the periodX(,,, is the increment, positive or negative, in thergi of money
with respect to the preceding period). The numibeelationships (4) and (5) are 2.

8 When money is formed by bank deposits, as assimeg following Section, the sale of all the int@nies of
circulating capital goods is convenient for theimers.

9 Investment is not infinitely elastic if expectedges are not stationary. In this case the pridesapital goods
produced in the period under examination and exgdduat the end of the period do not necessarilgplete prices
of capital goods produced in the preceding perwdjlable in stores and exchanged during the period
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3) Households

Households (indicated also as consumers) have endots composed of personal
capitals, of which they sell the services (labsggurities and money. They lend some of this to
producers. The remaining part is used for purclgasonsumer goods during the period under
examination (these goods are sold by the ownecsr@ilating capital goods). Thus, consumers
demand consumer goods (during the period, with ichate payment in money); they lend
money to producers (with payment of interests amthloursement of the principal at the end of
the period); they supply labor (to producers, withges paid at the end of the period); they
demand services of fixed capital goods (suppliethieyr owners with payment at the end of the
period); and they demand securities and moneyderdo have an income in the future and the
liquidity sufficient for buying consumer goods mmetfollowing period.

Let us introduce an intertemporal utility functifor any consumer, of the type
U=¢(d,.d,.d..d;,d,;,dcye by by Ao
where vectord, ,,d, ,d. , witht = 1,... , indicate respectively the services xédi capital

goods, the labors and the circulating capital goetikh the consumer plans to use in thh
period after the one under examination. Taking iat@ount that there are expectations of

stationary prices, the liquidity constraints am. the current periodo.d, = m-s,, and for the
following periods pd,,=m —s,,, witht =1,... , wherem is the quantity of money at the
beginning of period and s, is the amount lent to producers. The budget caims (which
concern payment at the end of each period) arehécurrent time period
P+ pd, + pedy+ M+ d, = pl + zbr(1+ ) §
and for the following periods

Pt P+ P+ M+ dy = pl+ h+A+ ), =1
where dg, is the excess demand for securities at ttmd,, , is the excess demand for
money, |, is the vector of available labotsand by are the securities at the beginning of petiod
There are also some constraints linking variablesuacessive periodsm = m_ + d,,., and

b=h,+d,,,,witht=1,...,my=m, b= zb, dyo=d,,and d;,=d;.

The maximization of the utility function with resge to d,,d,,d.,d;,s,,

dy,ds,d, 1, de 10,0 My, § 0 Gy b A Aoy Wb me gL @, Subject to the
aforementioned constraints leads to a cHoisich can be expressed, for the current periogl (th
only one relevant in the analysis of a temporanyildgium), by the relationships

de = (P Py Peii4Z)

20 Vectors | and f are assumed to be data. However, we can assuiedd gossible labors represented by a

function g(l,...,l,,...)= 0. Vector | will be determined by maximizing the utility funeh with respect td (and
all other variables) subject to(l, ...,I, ,...)= 0 (and all other constraints).
! The first order conditions are represented byctiestraints and by the equations

op 1 0P 1 0o 1 1

- — AR, - —Ap,, = —= AP and p, =-,

od, ., (1+1i) od,, (1+i) ad, (1+i) i

1
where A is a Lagrange multiplier. Singg, = —, money and securities are perfect substitutes.
i
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d, =f,(p P Peis2)

d. = f. (P P11 PeiiZ)
1

pB:i_

Sv = M- pd,
1 _ _ _
T%+”qu=2mﬂﬁ)§‘pﬂw+90‘%)

These relationships can be aggregated for all coasi We obtain the demand functions
for circulating capital goods

(6) X¢ =F (P Py Poi 2)
the corresponding offer of money during the petader examination
(7) Xu = PX
the offer of loans to producers
(8) Xy = M- pX¢
the demand functions for services of fixed cagt@dds
9 X =F (P Py Poi 2)
the supply functions of labors
(10) L-X}=L-F"(p P Peii2)
the condition of equal returns for loans and séesri

1
(11) Ps ==

[
and the demand for securities and money (availabkae end of the period), which are
perfect substitutes

(12) Ps XBB+ M+ XMM = zB+ (1+ D xv{n - IOKX'H % (E_ x/,h)
The number of relationships (6)-(12)ns+n, + n. +4.

4 ) Producers

Producers buy circulating capital goods, labors serglices of fixed capital goods required
as inputs and sell the circulating afided capital goods obtained as outputs. Since the
circulating capitaboods used as inputs are paid during the periodgwhtputs and other inputs
are paid at the end of the period) producers mosbly money at the beginning of the period,
which will be given back with the correspondinggirgsts at the end of the period.

Producers maximize profit
7, = pcxcfc+ PrcX fkk_ p X fk_ p/:X/:f —(@+i)X fM

where vectorsX ', X, indicate the quantities of product$,, X, the demands for
services of fixed capital goods and of labors, dngount of which equals in equilibrium the
differences K - X and L-X[; and X, the quantity of money borrowed, subject to the
liquidity constraint

PX¢ =Xy

where X indicates the demands for circulating capital godigs amount of whickequals
in equilibrium C - X", so that

(13) P(C-X¢) =X,
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and to the constraints which require all vectorbeémonnegative and compatible with the
technical possibilities of production. Assuming tbe sake of simplicity fixed coefficients of
production, these constraints require
AcX ot AX = K= X5,
(14) AcXet AyX kk:E_xlh
Accxcc+ Ackx kk: c_:_ xhc
where A, A,,. ... are matrices of coefficients. Taking into accoth#se constraints and
the competitive condition by which maximal pro8tzero, we obtain the following relationships
pkAkc + pkA/:c + (1+ I ) pcAcc: p c
(15)
PAG+ P AT A+ PAG= P
The number of relationships (13)-(15)4s, +n, +2n. + 1.

System (1)-(15) is composed d&h, +2n, +3n, + 9 equationg? two more equations than
h

the variables, which areX;, X,., P, P X, B X X o P o X0 Xis X » Xago b Py a@nd z
Correspondingly, there are two dependent relatipgshince Walras’ law holds both for the
transactions during the period and for the tramsastwith payments at the end of the period. In
fact, beside the usual dependence (among relatpmgh), (2), (3), (5), (12), (13), (14) and
(15)), we find that the sum of relationships (&), &énd (13) is zer®®

lll. Implications of the restated Walrasian theory of money

The theory presented in Section 3, even if baseWalras’ principal hypotheses, differs
substantially from the original one. It is the theof circulation and money which differs, not
that of capitalization and credit. In fact, Walrasiginal theory of capitalization and credit is
obtained if we assume that households are alsorsvafiéixed capital good¥' >

22 Al relationships are indicated as equalities. figkinto account land, old fixed capital goods drat some goods
could be free goods, some relationships would peeeented as inequalities. This possibility is intioduced for
simplicity: however, it is useful only when we muagmonstrate the existence of a solution, a probi#ich goes
beyond the scope of this work. With reference twdland old fixed capital goods, the number of whithere

indicated withn ', the n ' corresponding variables in vectof, are equal to zero and the ' corresponding

equations in subsystem (15) are strict inequaliies, p, A, + p,A, +(1+i)p A > p,. If we like to take into
account also the fixed capital goods of a new {yg@ch are produced in the period under considendtr the first
time), then their quantities in vectok§ and X, are zero, as well as the corresponding coeffisiéht and A,
the corresponding equations in subsystem (2) dalet@rmine the current prices of their services,they indicate
the expected prices for the future periods, andctreesponding functionst“(.) in subsystem (9) are identically
equal to zero: consequently, for the new fixed edgioods, there are no corresponding equatiosslisystems (2)
and (9) and no corresponding variablgsand X: .

2% Should there be only one good (circulating cap@al) money, we find the following system

M = pCE pc ch = M + XMM Xch = Fch( pc’ I)
X" =pX' X!'=M=-pX M+X, =@+i)X,)
pC (E_ Xch) = X'\; aCCXCC = 6_ XCh (1+I)pCaCC = pC
the solution of which requires
.1 M
i=—-1 p,=—
C

4 If owners of fixed capital goods are identified wiouseholds, then relationships (1) and (3) maestierged
with relationship (12). We obtain, also taking iatocount relationships (2) and (8)
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The principal implications of the restated Walrasiaeory of money are the following.

a) There are two quantitative relationg&elationships (4) and (5) are two monetary
quantitative equations: the former concerns trarwa during the period under examination
(the circulating capital goods produced in the edatg period and stored are sold by their
owners to consumers and producers); the latterezoadransactions at the end of the period (the
circulating capital goods produced in the perioé apld by producers to the owners of
circulating capital goods). The causal nexus obé¢heelations can be synthesized as follows.
Relationship (4) indicates that the value of mofigy the general level of prices) depends on the

quantity of moneyM , which is a predetermined variable. Relationstp ifdicates that the
quantity of moneyM + X,,,, issued at the end of the period depends on the\almoney (i.e.

on the expected level of prices, which is predeteech and equal to the current one because of
the assumption of stationary expected pri¢&s).

b) The theory of money is fully integrated with theatties of exchange, production and
capitalization®’ The theory of money is integrated with the thedrgxxhange since the quantity
of money, its value and the rate of interest infltee consumers’ choices, even if money is not
directly useful. On the one hand, loans yield acome and, on the other hand, money is
indirectly useful because of the liquidity constitai The theory of money is integrated with the
theory of production since producers are subjethéoliquidity constraint and there are, among
costs, the interests on monetary loans. The thebmyoney is integrated with the theory of
capitalization since, at equilibrium prices, settesi and money are perfect substitutes in
consumers’ portfolios and give the same yield. Atke analysis of stability of monetary
equilibrium can be done as usual by consideringettoess demand for stored circulating capital
goods (produced in the preceding period), for latsrd for services of fixed capital goods and
the difference between selling prices and coseprif product$®

PeX i+ X = P(K =X+ p (L=X")+iM —(@+i)p,X
which is the last of Walras’ equations (2) (Walra854, p. 279) once the variables considered byttithery of
circulation and money are disregarded. The sams fgo¢he other equations.
% Walras' original theory identifies owners of fixeapital goods with households (so that saving éstidal to
investment). Other theories (like Keynes’ theodgritify them with producers. Both these positiores @mpatible
with the formulation presented in this paper angdrine the same equilibrium conditions. The inérelasticity of
investment (which is not present in Keynes' theois/)not determined by a lacking distinction betweén
motivations to savend those to invest, but by the hypotheses of ¢apens of stationary prices and of perfect
competition (with free entry and exit).
% Naturally, complete causal nexus are not so simglebove. In the model with only one good and money
introduced in footnote (23) we have

MM c cc

M _
p,=— M+ X =pX
C

where

1 - . 1
xcc =_(C - Fc ( pc’_ _1))
*" patinkin (1965, p. 571) asserts that Walras’ thedrgnoney is not fully integrated with the theorfypsoduction
and capitalization and refers this missed integrato the lack ofnterdependence between ti¢onnemenbn the
money market and that on the other markets.
% The stability analysis (which is the modern versibthe Walrasiatdtonnementof the simple model introduced
in footnote (23) takes into consideration the esammand for the stored good

M —
E =—-C
P
the excess demand for loans
EM = pcacc ch_(m_ pc F:( pc’ D)

and the difference between the selling price ardctst price of the product
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c) Securities and money are a v&kcurities and money exist only because real gaozls
owned by households through other agents. If tlaggts (i.e., the owners of fixed capital
goods andhe owners of circulating capital goods) are nttoiduced and the property is given
directly to households, securities and money doen@t. In this case for all the real goods we
find equilibrium conditions which are identical tiose obtained when there are also the owners
of capital good$® In this sense, securities and money are a veigh8w, without friction,
uncertainty and illusion, securities and money npgstorce be a veil: they can neither improve
nor worsen the allocation of resources, which iBameto optimum (the Pareto optimum of
temporary allocations).

d) Paper money or bank depositsthe formulation proposed in Section 3 moneyiclwh
is paper money yielding nothing, is issued by thers of circulating capital goods in order to
finance the purchase of circulating capital goddss assumption may seem unrealistic since it
excludes the presence of banks. An alternative dtation consider the group of owners of
circulating capital goods as representative of tymes of agent: thewners of storesand the
banks They can be formally introduced and money defi@asdbank deposits, yielding an
interest. This situation can be described in tHBWoNg way. At the beginning of the period
under consideration, banks’ assets are represéytedcredit towards the owners of stores, to
whom they have lent the necessary sum for buyiag thitial inventories, and banks’ liabilities
are represented by a debit of the same amount dewaruseholds. This debt is represented by
bank deposits. Assets and liabilities give a yi@dequilibrium at the current rate of interest),
which is credited at the end of the period. During period banks give credit to producers for
their purchases of inputs. Whenever producers bgylating capital goods from the owners of
stores, the producers’ debt increases and thabeofotvners of stores decreases to the same
extent. When consumers buy consumer goods the afebtvners of stores decreases and
consumers’ deposits decrease to the same extentheAend of the period, producers sell
products and reimburse their debt, yield includedthe meantime, the owners of stores have
also reimbursed their debt, but they, at the enth@fperiod, buy products and in this way a new
debt is created. At the end of the period, housihatceive the balance between proceeds and
payments and the yield of securities and bank depeghich composes their new deposits. The
total amount of bank deposits will again be eqaahe debt of the owners of stores. Equilibrium
is not substantially modified by the distinctiontlween owners of stores and banks. The only
modification is represented by the course of theegrof circulating capital goods during the
period: prices are not constant but increasingyraicg to the relationship

GC = pC - (1+ I) pCaCC
Assuming money to be thumeraire,we can refer to these variables respectively thesadent of p_,i and X_,

in order to find conditions of stability.
If the owners of circulating capital goods are iifead with households, so that money is excludad bans are
made in kind, then the model with only one goodwahassuming this good to bee numerairethe functions

E =F'()+a X_-C G, =1-(1+i)a,
therefore implying different conditions of stahjlit
* The equilibrium system without securities and moisegomposed of relationships (14), (15) and
p = (V+il)p,
X! =F (PP, Poii)
Xy =F (PP, Poii)
L-X=L=F'(p,p,.P.i)
PuX o+ PX = PK =X )+ p (L=X))+(A+i)p,(C- X))

This system is homogeneous with respecpfa p_, p,, p, .
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1+i
1+ (1-1)
wherei is the rate of interest andli< 7 <1 is the instant of the payment within the period
under examination. This relationship is determibgdin arbitrage condition taking into account
that money gives a yield. With these prices nobeaty profit by anticipating or postponing the
sale of goods in the period. (For instance, if la gsaanticipated the seller cashes a lower price
but he reduces in advance his debt, thus payingerlinterest}’ **

p(r)=p

e) The length of the time perio@he length of the period is relevant in Walras’dtyeof
money. It is a synthetic representation of the alsganies which justify the existence of money.
In fact, in this theory, if the length of the patics varied according to a factér, then, ceteris
paribus since agents need money for purchasing goodeglthe period, the quantity of money
must vary according to the same factor; i.e., wedna quantity of money multiplied b§in
order to maintain unchanged pri¢ésThe assumption that loans have a predeterminedrityat
and that their reimbursement coincides with thenpanyts at the end of the period, even if
unnecessary for giving value to money, influentevalue, since otherwise agents would need a
different quantity of money for operating currentrghases. A more realistic description would
require the specification of asyncronies, i.e.fgec¥y the length and kind of productive process
and the time intervals among all acts of produgtcmmsumption and investment.

If money is defined as bank deposits, instead pepanoney, the predetermined maturity
of loans is an unnecessary assumption and theytlvaaralso be referred to continuous time. In
this case, bank deposits are always equal to thee & circulating capital goods existing in
storage or bought by producers (the quantitieshe$e capital goods depend on the length of
production processes and on asynchronies amonggiiod, consumption and investmerit).

% Owners of stores must sell all the inventoriesentlise, with expectations of stationary prices. (iith the same
course of prices in the following period), theyhiilcur losses.

%! The simple model introduced in footnote (23) is ified in an irrelevant way. In fact, the first tvemuations are
substituted by the following ones: for the ownefrstores

pc6=5 pcxcc=5+ xD
where D is their debt towards banks at the beginning efpteriod andD + X, that at the end; for the banks
D=M M+X,, =D+Xg

where M is again the quantity of money (now, bank deppsitshe beginning of the period amd + X, that at

the end. In the remaining equations the quanmy (loans of households to producers) indicates tha dé
producers towards banks before the sale of prodticts debt corresponds to deposits of householéaying
attention to the sales of the stored good, by atdig with X_, and 7, respectively the quantity sold at instamt

and this instant (wittD< 7, <1 andX X = C), the proceeds of sellers am(r,) X, , where p_(7,) is the price

c,)
at instantz, . With the course
1+i

p(r)=p———
1+(1-7,)
the owners of stores will have a null balance atehd of the period whatever instamtsand quantitiesX , may
be. In fact, taking into account their initial deptoceeds and interests, we find

DL+i)=p, T X, R(7)A+(1-7)i)= (D~ pC)(L+i)= 0

%2 The above proportionality (which depends on thedin ceteris paribup excludes seasonal production. Of
course, if the length of the period has been irsgdady factorg, then also the quantities of inputs, products and
services change in the same proportion.

* In the case of the simple model introduced in fotgr(23), assuming that the production lag is etual unitary
period of time, the owners of stores have investori
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Conclusion

In the restated Walrasian theory of money, the tityamf money, its value and its
movement depend on the assumed institutional framew.e. on the assumptions that the
owners of circulating capital goods buy productsthe end of each period and sell them,
exclusively in exchange for money, during the fadlog period; and that loans are reimbursed
and all other payments are effective at the engch period, etc. We have already emphasized
the importance of these hypotheses which rule, évéimey are not all equally relevant, the
function of money in transactions. This theory exp how money can exist, have value and be
relevant in agents’ plans of utility and profit,thout being a store of value beyond a period (i.e.
money is a store of value only within a period),isgequired in a world without friction,
uncertainty and illusion. Ifact, money is the exclusive purchasing power ocugting capital
goods (the life of which lasts only one period)isitissued at the end of each period, when the
owners of circulating capital goods buy them frdrait producers; and consumers and producers
spend during each period the whole quantity of mamasting at its start. Nevertheless, money
is not socially useful, since it is a vell.

However, the function of money in transactionsnisuificient for describing realistically
actual monetary economies, not only because tleege permanent store of money, but also
because monetary exchanges are not actually detdnbly an institutional constraint (stated in
a theory by an assumption) but by mutual converiefagents, which is not analyzed at*all.

C(t) = C(0)+L (X (D)= X ()= X (1) o
and debt towards banks
D°(t) = DY(0)+ [ P, (7)(Xoo() = X! (1) = X (1) &7 o
where X _(7), X:(r) and ch (r) are respectively the current intensity of produttiof consumer demand and of
producer demand anidr) is the current rate of interest for a unitary perof time; households have bank deposits
(since M (t) =D°(t) + D' (t) for everyt=0)
M@®=M(0)+D' ©)-D' (0)+[ p ()X ()= X @)= X @)™ o

demand for consumption

X; (1) = F'(p.(0, (1)
and the budget constraint

th(t) +p ()X () = (ML)

while for producers there are the relationships
a X (t+1)= X' (1) p(t+1) = a_p,(t)e"

D M) =] ()X 0N &
In case of a stationary equilibrium, where the asynchrony consists of the production lag and mameecessary
only in order to finance production, we have, feemyt, C=0,D° =0
X, =X+ X! X! =F"(p,, i) a X, =X

_ j h o . _ f_ei_l f
l1=a e p.X =iM M=D =——pX

cc c’c i c’c

This system can be easily solved with respeab td, X: , ch ,and X __ (while M is a datum).

% This criticism applies to all models which assumeanetary constraint on exchanges (presented,hegetith
others, by Arcelli, 1975). Schumpeter (1939, pp7-548) criticizes, with precise reference to theotty of money,
this kind of assumption, which | would like to jifgtby considering that the elements, disregardgdhie theory,
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In other words, friction, uncertainty and illusion aret indispensable in describing a monetary
economy. Walras’ theory of money really describesn@netary economy without friction,
uncertainty and illusion: an economy where moneyedes only on the transactions mofive.
Walras’ original version of the theory of money iilgconsistent not because uncertainty is
disregarded but because of the imperfections de=tin Section 2. The restatement proposed in
Section 3 sets out to be a consistent version dfa&/aheory. A theory of this type, moreover,
can be enlarged by introducing, with friction angcertainty, the demand for money due to
precautionary and speculative purposes. The ragultieory would certainly be more complete
than current monetary theories, which examine dtarponial demand for money, disregarding
circulation.

REFERENCES BIBLIOGRAPHIQUES

ARCELLI M. (1975), “Some Thoughts on the Foundasiaf Money”,Metroeconomica27, pp. 22-43.

AUPETIT A. (1901),Essai sur la théorie générale de la monn&aris, Guillaumin.

BRIDEL P. (1997),Money and General Equilibrium Theorlfrom Walras to Paretq1870-1923, Cheltenham,
Elgar.

CLOWER R. (1967), “A Reconsideration of the Microfwations of Monetary Theory'Western Economic
Journal 6, pp. 1-8.

COLLARD D. (1966), “Walras, Patinkin and the Monégtonnement”Economic Journal76, pp. 665-669.
——(1973), “Léon Walras and the Cambridge Caricatugebnomic Journal83, 465-476.

DAAL VAN J. (1998),“Léon Walras’s General Economic Equilibrium ModefsCapital Formation: Existence of a
Solution”, Révue Economiqud9, pp. 1175-1198.

DEL VECCHIO G. (1909), “I principii della teoria enomica della monetaGiornale degli Economisti1909, 39,
pp. 255-272 and 507-553.

DIEWERT W. E. (1978), “Walras’ Theory of Capital freation and the Existence of a Temporary Equilifofiuin
SCHWODIAUER G. (ed.)Equilibrium and Disequilibrium in Economic ThepBordrecht, Reidel, pp. 73-126.
DONZELLI F. (1986), 1l concetto di equilibrio nella teoria economica awassica Roma, La Nuova ltalia
Scientifica.

FLOSS L. (1957), “Some Notes on Léon Walras’ TheafrZapitalization and CreditMetroeconomica9, pp. 52-
69.

HALL S. G. (1983), “Money and the Walrasian Utiliunction”,Oxford Economic Paper85, pp. 247-253.

HICKS J. R. (1933), “Gleichgewicht uri¢bnjunktur”, Zeitschrift fir Nationalékonomjel, pp. 441-455.

———(1935) “A Suggestion for Simplifying the Theory ibney”, Economica?2, pp. 1-19.

HOWITT P. W. (1973), “Walras and Monetary TheorWgestern Economic Journdll, pp. 487-499.

JAFFE W. (1953), “La théorie de la capitalisatidrez Walras dans le cadre de sa théorie de I'égaitiénéral”,
Economie Appliquées, pp. 289-317.

———(1980), “Walras’s Economics as Others Seelbyrnal of Economic Literaturel 8, pp. 528-548.

JAMES E., et LECOQ J. (1961), “La pensée monétdrééon Walras”’Economie Appliquéel4, pp. 603-631.
KNIGHT F. H. (1921) Risk, Uncertainty and ProfiBoston, Houghton Mifflin.

KUENNE R. E. (1961), “The Walrasian Theory of Monegn Interpretation and a Reconstruction”,
Metroeconomical3, pp. 94-105.

———(1963),The Theory of General Economic Equilibriugrinceton, Princeton University Press.

MARGET A. W. (1931), “Léon Walras and the ‘Cash-&ate Approach’ to the Problem of the Value of Mdhey
Journal of Political Economy39, pp. 569-600.

———(1935), “The Monetary Aspects of the Walrasiant&ys, Journal of Political Economy43, pp. 145-186.
MONTESANO A. (1970, 1971), “11 sistema teorico egjuilibrio economico generale e la coerenza deltaia
walrasiana della capitalizzazionéjornale degli EconomistR9, pp. 704-745, and 3pp.427-467.

———(1986), “Una riformulazione della teoria monetatiaValras”,Rivista Internazionale di Scienze Economiche e
Commercialj 33, pp. 901-38.

———(1991), “A Revision of Walras’ Theories of Capitaltion and Money”jn Festschrift in honour of Lazaros Th.
Houmanidis Piraeus, pp. 366-394.

which determine some features of the real word,bmassumed as institutional data. This methoerg eommon
in economics: for instance the same distinctiorwbeh consumers and producers, currently assumeteloyy,
derives from ignoring the elements which actua#yedmine it.

% Let us disregard the case where money is the omtgbde good, thus store of value, demanded foryicayr
purchasing power over the period.

70



MORISHIMA M. (1960), “Existence of Solution to th&/alrasian System of Capital Formation and Credit”,
Zeitschrift flir Nationaldconomje0, pp. 238-243.

——— (1977),Walras EconomicsCambridge, Cambridge University Press.

NEGISHI T. (1977), “Money in Walrasian General Hdurium Theory”, Economie Appliquéed0,pp. 599-615.
NOGARO B. (1906), “Contribution a une théorie rédide la monnaieRevue d'Economie Politiqu20,pp. 681-
724.

PATINKIN D. (1965),Money Interest and Prices2nd Ed., New York, Harper & Row.

PORTA A. (1980)La moneta nei primi economisti marginalj$élilano, Feltrinelli.

REBEYROL A. (1998), “The Development of Walras’ Maary Theory”,in (Faccarello G. ed.$tudies in
the History of French Political Economifrom Bodin to WalrasLondon and New York, Routledge.
ROSENSTEIN-RODAN P. N. (1936), “The Coordination tbe General Theories of Money and Price",
Economica3, pp. 257-280.

SCHUMPETER J. A. (1939Business Cycledlew York, McGraw-Hill.

———(1954),History of Economic Analysidlew York, Oxford University Press.

WALKER D. A. (1984), “Walras and his critics on timeaximum utility of new capital goodsHistory of
Political Economy 16, pp. 529-554.

———(1991), “The Markets for Circulating Capital andbMey in Walras’s Last Monetary ModeEconomie
Appliquée 44, pp. 107-129.

WALRAS L. (1874, 1889, 1896, 1900, 1926)éments d'économie politique puté éd., Lausanne, Corbaz;
2°éd., 3 éd. and 3éd., Lausanne, Rouge€’ éd. déf., Paris, Pichon et Durand-Auzias.

——— (1954),Elements of Pure Economjdgans. by W. Jaffé, London, Allen and Unwin.
WITTELOOSTUIJN VAN A. and MAKS J. A. H. (1988), “Wias: A Hicksian avant la lettreEconomie
Appliquée 41, pp. 595-608.

71



72



