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In all introductory and intermediate textbeok microeconomics, price theory is at first
developed in a partial equilibrium framework whigchpugh invariably Marshallian from the
point of view of the graphical apparatus, is almastays Walrasian from the point of view of
the analysis. In discussing the well-known Marshallgraphical treatment of the equilibrium
problem of a single, isolated, assumedly "comptitmarket for a producible consumers' good,
a few diligent textbook writefsoccasionally point out that placing the price anqehntity
variables on the ordinate and abscissa axes, tesggcis somewhat incongruous with the role
played by the same two variables in the analytd®lelopment of the theory: for, from a
Walrasian perspective, price is the independenabke; while quantity is the dependent one
(whatever this may mean). Such incongruousnessmeismes historically justified by recalling
that price had indeed been regarded as the indepemnariable by Marshall, to whom the
demand-and-supply graphical apparatus can be ttaeEd but this suggestion, never elaborated
upon, hovers about as a mysterious reference tormWw forgotten past. As a matter of fact, in
the partial equilibrium framework of an isolated rket, to which microeconomic primers
confine most of their discussions of price thealymost all methodological, epistemological, as
well as analytical distinctions between Marshadlied Walras's approaches are skipped over.
Moreover, when intermediate and advanced microgoantextbooks eventually deal with the
issue of price formation in a multi-market frametogeneral equilibrium theory is invariably
presented as the natural extension of partial bguin analysis, as if Walrasian and
Marshallian approaches to price theory only diffiere scope and intended applications, being
otherwise essentially similar in their foundati@msl results

In this paper we want to oppose the received viemthee basic equivalence of the two
traditional approaches to price theory. Specificalle want to show that Marshall's analysis of
the equilibration process and his related integti@h of the equilibrium concept are essentially
different from, and irreducible to, Walras's anayand interpretation. Further, we want to show
that the patent difference in scope of their reSpectheories (that is, partials. general
analysis), far from being an accidental outcoméisfory or the innocuous consequence of the
idiosyncratic preferences of the two economistsnigffect the unavoidable and irremediable
by-product of their different analytical assumpsand explanatory aims.

To this end, we shall first identify a common grduior our discussion, that is, a model
economy that, being explicitly examined by bothhaus in their respective writings, will allow
us to contrast their analyses and to preciselylesiogt what distinguishes them from one
another. Such model economy is represented bywbhecommaodity, pure-exchange economy
which is dealt with by both Walras and Marshallhticat the beginning of their respective
expositions of price theory, under the assumptioat there exists a fixed finite number of
traders in the economy. Yet, while Walras's analisientirely developed under the assumption
of an arbitrary finite number of traders (greatert or equal to two), in Marshall's case one finds
a distinction between two sorts of economies: trenér, called by Marshall a "barter" economy
and more recently referred to as an "Edgeworth Bmdhomy, is an economy where the number

Y1 would like to thank Michel De Vroey, Antonio Guiooe, and Enrico Minelli for their comments and gesfions.
The usual disclaimer applies.

2 Baumol ([1977], p. 179) and Chiang ([2005], p..32)

% Varian ([1992], p. 105-108) and Mas-Colell, Whiistand Green ([1995], Ch. 10, p. 311-349).
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of traders is exactly equal to two; the latter, lgmed by Marshall in what he calls his
"temporary" or "market-day equilibrium"” model, isstead an economy where the number of
traders is strictly greater than two, but othervadatrary.

Coming then to Walras, after introducing his thieesic assumptions about the trading
process (that is, the so-called "Law of One Priteg,"Perfect Competition" assumption, and the
"No Trade out of Equilibrium" assumption), we shaliow that such assumptions have a
twofold, ambiguous effect on his theorizing: fon the one hand, they force him to confine his
attention to a purely virtual equilibration process'logical” time; on the other, however, they
allow him to identify a well-defined equilibrium ksion, of the "instantaneous" type, under
relatively mild and general assumptions on thedrsidcharacteristics (specifically, their utility
functions). Further, under the same or similar aggions, Walras's analysis can be easily
extended to exchange, and even production, ecosoitle any finite number of commaodities.

As to Marshall, instead, we shall show that he does make any one of the three
assumptions that we have seen to characterize $\&bpproach to price theory: this is due to
the fact that, unlike Walras, Marshall deliberatalgns at analyzing an equilibration process in
"real" time, where different transactions may tglace at different prices at the same time,
traders do not take prices as given and, of cotngges may occur at out-of-equilibrium prices.
Under these conditions, however, in order to makettading process converge to a determinate
solution, it is necessary to make much strongemmapfions about the traders' characteristics
(specifically, their utility functions): this is & reason why, in Marshall's analysis, the
assumption of a "constant marginal utility of mohegomes into the picture. Under this
assumption, Marshall can indeed prove that, in dgelorth Box economy with a commodity
proper and a money-commodity, the trading process/erges to a determinate equilibrium
(namely, to determinate equilibrium values of btbth money price and the total quantity traded
of the commodity proper). As we shall see, howevke, result is less neat than Marshall
probably expected or hoped for, when the aboveyaisals generalized to a pure-exchange, two-
commodity, monetary economy with more than two drad Yet, there is a further limitation
which is much more important for our present pugsoprecisely, there is no way to formally
extend Marshall's analysis and results to a molmnodity, multi-market economy, so that
partial equilibrium analysis becomes the unavoidaiigma of Marshall's approach.

The remainder of the paper is organized as followssection 2 we describe the model
economy providing the common ground for our analysiamely, the pure-exchange, two-
commodity economy with a finite number of tradegseater than or equal to two, which
underlies both Marshall's and Walras's initial th@ng about price theory. Section 3 is devoted
to Walras's analysis. In this case, due to thdivelst formalized expository style adopted by
Walras himself, it proves convenient to keep thenfd statement of the theory disconnected
from the informal discussion of both its interpteia and the textual evidence supporting it:
hence, in subsection 3.1, we start by statinghheetbasic assumptions about the trading process
on which Walras's analysis (in its final form) isased; in subsection 3.2 we formally state
Walras's equilibrium model of a pure-exchange, twoimodity economy with an arbitrary
finite number of traders (if this number were eqgieatwo, the economy would boil down to an
Edgeworth Box economy, but this restriction is wessary in Walras's case); subsection 3.3
deals with interpretative and hermeneutical issfiegjly, the possibility of further extending
Walras's model to multi-commodity exchange and petidn economies is discussed in
subsection 3.4. Section 4 is devoted to Marshatialysis. Due to Marshall's peculiar style of
exposition, which is eminently literary and unfotined, it seems preferable, in this case, to take
a different route from that followed in examiningalfas's approach: precisely, starting from a
hermeneutical discussion of Marshall's informaloaed of his own approach, we shall strive to
jointly reconstruct both the implicit formal apparsa and the associated interpretation of
Marshall's theory. Specifically, in subsection 4\, discuss Marshall's basic assumptions about
the trading process; in subsection 4.2 we formalagshall's model of an Edgeworth Box
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economy, one version of which deals with an econarngre one of the two commaodities is a
money-commodity; then, in subsection 4.3, we dischdarshall's so-called "temporary
equilibrium™ model, which can be viewed as a gelimaton of the model of an Edgeworth Box
economy with a money-commodity, allowing for a ttnhumber of traders greater than two;
finally, the possibility of further extending Maiahs "temporary equilibrium™ model to multi-
commodity exchange and production economies isudgsd in subsection 4.4. Section 5
compares the two approaches and concludes.

. A common ground for the analysis: the pure-exchnge, two-
commodity economy

Let us consider Walras's and Marshall's main theadeworks, namely, Walras'Bléments
d'€ conomie politique pufeand Marshall'®rinciples of Economi€sWhile most chapters of the
El€ mentsare explicitly devoted to competitive price the@ng less than thirty one Lessons out
of the forty two composing the fourth and fifth #alns of theElémentsleal with that topic), the
same is not true of therinciples since its second edition, in fact, Marshall'atige consists of
six Books, of which only one (Book V, onTHe General Relations of Demand, Supply, and
Value") is entirely devoted to price theory. But, apfidm the different quantitative emphasis
the two books place on price theory, they so widbfier in their qualitative treatment of that
subject that a quick reader might easily be ledespair of the reasonableness or fruitfulness of
any formal comparison between the two approaches. at a closer inspection, a well-defined
set of theoretical issues can be identified tharegent the common starting point for both
Walras's and Marshall's inquiries into the field ppfce theory. Such common starting point
consists in the problem of the determination ofildeium prices and quantities in a pure-
exchange, two-commodity economy: Walras deals thigt problem in Part Il, Lessons 5 to 10,
of the fourth and fifth editions of thEeléments([1954], p. 83-152) Marshall deals with it in
Chapter Il of Book V and in Appendix F of tfinciples ([1961a], p. 331-336 and 791-793)
Even if, from a quantitative point of view, the ting of the determination of equilibrium prices
and quantities in a pure-exchange, two-commoditynemy represents only a small part of

“During Walras' lifetime, four successive editiorighe Elémentswere sent to press: the first one, subdivided into
two installments, appeared in 1874 and 1877; thersk third, and fourth editions, instead, werehgaublished as

a unitary volume in 1889, 1896, and 1900, respelgtivihere was also a posthumous edition, arrabhged/alras
himself before his death and almost identical with fourth, which was published in 1926; this ediitiknown in
the past as the "quatrieme édition définitive'nasv more simply indicated as the fifth edition.the following we
shall chiefly refer to Jaffé's English edition (W [1954]), which is based on the fifth editiontbé Eléments
Occasionally, however, it will be necessary to ri@mbr quote one specific edition of that bookthat case, we
shall refer to thevariorum edition of theEléments contained in vol. VIII of theDeuvres économiques complétes
d'Auguste et de Léon Walrd®valras [1988]), which allows easy comparisons agnthe texts of the various
editions.

® During Marshall's lifetime, eight successive etit of thePrinciples of Economicsere published, from 1890 to
1920. In the following we shall refer to the soledINinth (Variorum) Edition, published in 1961 tviannotations
by C.W. Guillebaud. This edition consists of twduraes:Volume |. Textcontaining the text of the eighth edition
of the Principles (Marshall [1961a]), an&/olume II. Notescontaining both the collation notes and othetceiil
notes by Guillebaud (Marshall [1961b]).

®_essons 5 to 10 immediately follow the introduct&art | of theElémentsbeing therefore the first Lessons of that
book devoted to price theory in the strict sense.

"While "Appendix F. Barter" deals with a pure exchentwo-commodity, two-trader economy, chapterfiBook

V, "Temporary equilibrium of demand and supplgeals with a pure exchange economy with two coditres,
one of which is money, and an arbitrary finite nembf traders. It should be noted that in the fiosir editions of
the Principles the subject-matter of what would later becomegssithe fifth edition, "Appendix F. Barter" was
placed at the end of Book V, chapter Il, and wagled "A Note on Bartér ([1961b], p. 790). The strict logical
connection between the contents of chapter Il 0blBY and Appendix F, which comes out clearly from a
sequential reading of the two physically disconedgiassages in the fifth and following editionghefPrinciples
was made even more evident by the physical comyigifithe two passages in the previous editionthat book.
Anyhow, even in the last three editions of fnciples the link between the two disconnected sectionaasle
explicit by a reference to Appendix F in the laatggraph of chapter Il of Book V (Marshall [1961a] 336).
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Walras's overall competitive equilibrium theory, @st forward in theEléments and an even
smaller part of Marshall's overall theory of markeuilibrium, as developed in Book V of the
last three editions of thBrinciples yet such theory plays a fundamental role in eithehor's
theoretical construction, for in either case ithe cornerstone on which the whole building is
erected Anyhow, since the problem of equilibrium pricaetenination in a pure-exchange, two-
commodity economy is the only problem which is fatiy discussed by both authors in their
respective treatises with the help of similar ahedy tools, any comparison between the two
authors, as far as price theory is concerned, d¢amutcstart from the analysis of their respective
models of the simplified economy under discussion.

Let us then consider a pure-exchange economy Wwit2 commodities, denoted by=1,2,

and | consumers-traders (henceforth indifferently reférto as either consumers or traders),
denoted byi =1,...,I , with | >2. Each consumer is characterized by a consumption set

X, ={x =(x,,x, )} =002, a preference relation>; on x;, and endowments
o = (w0 )0 A0}, Let x=(x,....x, )OX =x_X, 02 be an allocation;w= z:zlcq
Do %, be the aggregate endowments’ :{xD X |Zi':lxi = &)} be the set of feasible, non-

wasteful allocations. Specifically, in accordancathwWalras's and Marshall's original
assumptions, let us assume consuiiisrpreferences to be represented by a cardinaty util
function y, : X; — 00, which, for alli, is supposed to be both additively separable,ishat

U (%) = vy (%) + Vo (%), 0% O X °

and twice continuously differentiable, with

Ou,(x) = [agx(j ) "t;;(* )J = (Vy (%), Vi (%)) >> 0,0 O X,

o 0%
where >> 0in the first inequality means that the first-ergartial derivatives of consumer
i 's utility function, i.e.,i's marginal utility functions, are strictly posigywhile < 0 in the
second inequality means that the pure second-patial derivatives are non-positiie

(azui (x) o (&)j = (4, (%), (,)) < 0,0% O X,

Such an economy will be denoted b ={(Xi,ui ([)ch)i'zl} in the following. Whenl =2,
the pure-exchange, two-commodity, two-consumer @ik, :{(Dj%,ui ([)144)2:1} will be

called an Edgeworth Box economy and denotedsay in the following.

%walras is ready to acknowledge the central rolgqulan the development of his system of thoughhisyanalysis
of the equilibrium determination problem in a pesehange, two-commodity economy ([1954], p. 143ardhall,

on the contrary, is reluctant to openly ascribdgaicant role to his pure-exchange models (tlsattihe "barter
model" and the "temporary equilibrium” one). But, $pite of Marshall's public propensity to play dothe

relevance of such models in his theorizing, welsttadw that the theoretical solutions adopted theead up by
crucially affecting his entire theoretical systewhét, incidentally, is recognized by Marshall hiffise private

correspondence, as we shall see in Section 4.4phelo

° As we shall see, the cardinality and additive ssipility assumptions concerning the consumerstyfiinctions

play a completely different role in Walras' and Btall's theoretical systems: for while they carilgd® disposed
of in Walras' case, they cannot instead be relamedlarshall's case without jeopardizing his whdledretical
construction

°The above restrictions on the first- and seconaopartial derivatives of the utility functions mesome further
qualifications, which will be provided in subsect#3.2 and 4.2, concerning Walras and Marshalheets/ely.
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Given a pure-exchange, two-commodity;consumer economyl:l%e , for all i and all
x OX, le

du;(x) ‘
) = | 3% 0% _ Vy (%)
MRS, (x) = =
%) dx; u (X +dx)=u (x) - ou(x) Vyi (%51)
Xoi

be consumel's marginal rate of substitution of commodi2y for commodityl wheni's
consumption isx : namely, MRS, (x )is the quantity of commodit® that consumei would
be willing to exchange for one unit of commodityat the margin, in order to keep his utility
unchanged at the original leval(x .Let z(x)=(z,,2,)(X)=% —w = (x; —wy, x5 —ay )O02
be consumeri's net demand, when his consumptionxs Consumeri's net demand for
commodity I, z(x), can be either positive, in which cagg(x ) is called consumet's net
demand proper for commodityand consumer is said to be a net buyer of that commaodity, or
negative, in which cas|6_'|i (x,)| is called consumeir's net supply of commoditly and consumer
I is said to be a net seller of that commodity.

Now, let us suppose that consuniecan trade commodity for commodityl either on the

market, or through bilateral bargains, or accordiogany other suitably specified voluntary
exchange technology. When consumarconsumption i , if the marginal rate at which can

g _ |d%,
dx, |dx,
i 's utility is unaffected by a marginal trade of coodity 2 for commodity1, irrespective of
whetheri is a net buyer or seller of commodityfor in that case:

au(x) . au(x)

0X;; 0X,,

trade commodity2 for commodityl, that is—

‘ is exactly equal tMRS,(x ,)then

du (%) = Ou, (x)dx = dxy + 222 dx, =V (3 )Xy + V(X )dXy =

On the contrary, consumels utility increases if the marginal rate of exapamf commodity2
for commodity1 is less (resp., greater) thanRS,(x , provided thati is a net buyer (resp.,

seller) of commodityl. Hence MRS, (x ) can also be interpreted as the maximum (resp.,
minimum) quantity of commodity2 that a utility maximizing buyern (resp., selleri) of
commodity 1 is willing to pay (resp., to receive) at the margn exchange for one unit of
commodity1, wheni's consumption i . By using an expression which is currently emptbye
in the literature in a related context, we can samre the above interpretation of the marginal
rate of substitution by saying thalRS,(x rgpresents consumers "reservation price" of

commodity 1 in terms of commodity2, wheni's consumption isx . (Though the expression

“reservation price" can be indifferently employectspective of whether consumietis a buyer
or a seller, its specific meaning depends of coarséhe nature of the trade thais willing to
carry out.)

Both Walras and Marshall do not exactly employ ¢baceptual apparatus developed above.
In particular, they both ignore the notion of maajirate of substitution or, for that matter, that
of reservation price. Yet, they do know and systeratly employ the notion of marginal utility
of commodity| for consumeri, which, under the stated assumptions on the pliepenf the
utility functions, turns out to be a function ofetlyuantity of commodity only. Moreover,
though not explicitly discussing the notion of magd rate of substitution as such, they do
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implicitly make use of it in their analyses, sintey compute the ratio of any two marginal
utility functions and examine the role of such gain explaining the choices of consumers.
Hence one can legitimately say that the above qinak apparatus, though slightly more
general than that originally employed by Walragvarshall, provides a common foundation on
which to erect either economist's demand-and-suppiglysis (subject to the qualifications
concerning the first- and second-order partialdgives of the utility functions, to be discussed
in the next sections). Any further development d@hex Walras's or Marshall's approach,
however, requires further assumptions, which aezifip to either economist. To such specific
assumptions we now turn our attention.

ll. Walras's approach

As anticipated in the introductory section, in Vdals case it is convenient to put forward the
formal model of a pure-exchange, two-commodity eoow first, postponing all interpretative
issues to a later subsection.

1. Three basic assumptions about the tradinggse

To begin with, let us state three assumptions whashwe shall see, underlie not only the
simple model with which we are exclusively concerneere, but indeed all of Walras's
equilibrium models, provided that they are takemhigir final form (that is, in the form given to
them in the fourth edition of th&léments[1900]). In order to make the understanding of
Walras's approach to price theory easier, the b@ssamptions about the trading process are
separately stated in the following, even if theg abviously interrelated and often confused,
occasionally by Walras himself, or jointly formuwddtin the literature.

Assumption 1 ("Law of One Price")

At each instant of the trading process, a pricgusted in the market for each commodity.
Moreover, if any transaction concerning a given gwdity takes place at any instant of the
trading process, then it takes place at the puaeyl at that instant.

Assumption 2 ("Perfect Competition™ )
All traders behave competitively, that is, theyeaagkices as given parameters in making their
optimizing choices.

Assumption 3 ("No Trade out of Equilibrium™ )
No transaction concerning any commodity is allowethke place out of equilibrium.

The wording of the above assumptions has been utrefhosen in order to make their
statement consistent with Walras's original disicussambiguities not excepted. The exact
meaning of the assumptions cannot be explainedowuitiirst defining the undefined terms
appearing therein. The required definitions will digen in the next subsection, with specific
reference to the model of a pure-exchange, two-codimneconomy, while a general discussion
of the assumptions is deferred to subsectionsr8i3al below.

2. Walras's model of a pure-exchange, two-conitmnedonomy

Let us consider a pure-exchange, two-commodity @Tyik ¢ ={(Xi,ui ([)ch)i'zl}, where the

consumers' characteristics satisfy all the assumgtimade in section 2, with the further
restriction that, for alli, the second-order pure partial derivatives of whibty functions be
strictly negative , that is

azui(xi) qui(xi) o .
( x> o = (Vy (%), Vo (%)) << 0,0x D X;.
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The assumptions on the signs of the partial deveatof the consumers' utility functions that
we have adopted here are in effect more demandtiiag YValras's original ones: for Walras

typically assumes the marginal utility of commodityo go to zero forx; <oo ([1954], p. 117).

On the contrary, with a view to simplifying our dission, we assume here the marginal utilities
of both commodities to be strictly positive and rotmmically decreasing over each consumer's
entire consumption set: this assumption, allowsoudodge all boundary problems and obtain
well-defined demand and excess-demand functiomsaoghow be dispensed with, at the cost of
complicating somewhat the analysis.

Let p=(p;, p,)002, be the price system, where prices are expresseerims of units of

account. The assumed positivity of prices is jiedifoy the assumption of strong monotonicity
of consumers' preferences. In view of Assumptiororie ought to specify the instant of the
trading process at which a given price system eyl Yet, since traders' choices necessarily
refer to the same instant as the quoted pricedewhe data (consumption sets, preferences,
endowments) are assumed to be invariant over ttigaege process ([1954], p. 117, 146), all the
variables appearing in the following equations, alihiormalize the equilibrium determination
problem ("economicstatics, in Walras's words), would invariably refer toeoand the same
instant, namely, that instant at which prices agpssed to be quoted. This, however, makes the
dating of the variables superfluous. Hence, follmyWalras's own lead in this respect, we avoid
gualifying the price system with any time subscrhigterring to the evolution of the trading
process: we know that such process evolves over, tit we do not need, at this stage, to make
such evolution explicit Finally, under Assumptions 1 and 2, consumerhopng choices
turn out to be homogeneous of degree zero in praesve shall see in a moment. But this
implies that the price system can be normalizethaut any effect on consumers' choices. With

just two commaodities, we only need one relativeg@rnamely,p,, =P P,

2
Focusing on this relative price is tantamount tonmadizing the price system by taking
commodity 2 as the numeraire, which in turn means settipg=1. Under the stated

assumptions, solving the constrained utility maxziion problem for competitive consumier
results into the following two-equation system:

ou, (Xli , Xzi) '

0X; V(%) D (1)
aui (Xli 1 %5 ) \/Zi (X2i) *

%,
PLX; + X = Pl Ty, (2)

from which one gets consumels Walrasian direct demand and excess demand dmscti
X (P @) and z (py,, @) = % (P, @) - @, respectively, foi =1,...1 .

Now, under Assumptions 1 and 2, aggregating indi@&iddemand and excess demand
functions is immediate: for, since all consumerseree the same price signals (by Assumption
1), which they take as given parameters (by Assiom), the individual demand and excess
demand functions always depend on the same vasialé can consequently be summed over

Y“As Walras himself puts it, in introducing equatiaimilar to those discussed in the sequel of thissection : “|

am assuming that, during this interval, the utjlitpth extensive and intensive, remdined for each party, which
makes it possible for me to include time implicitty the expression of utility. Were this not theseaand had |
supposed utility to be wariable functionally related to time, then time would hawaed to figure explicitly in the
problem. And we should then have passed from ecanstaticsto economiadynamics”([1954], p. 117; Walras'
italics).
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all consumers. Hence, letting(p,, @)=Y _z(p, @)=Y x(p, @)-« be the Walrasian

aggregate excess demand function, where (cy,....c4), we obtain the market clearing
conditions:

z(pf,w)=0 | @)
7Pl @)=0, @)

where py denotes a Walrasian equilibrium price of commodity terms of commodity2 .
From the budget constraint equati0|62), by rearranging terms and summing across
consumers, we get the so-called Walras' Law, that i

3Pz (P @)+ 22 (P @) = Pz (Pro @)+ (P ) = 0,0p,, 2 0.

i=1

Since, due to Walras' Law, equatic(ﬁ') is necessarily satisfied when equati(:ih) holds
([1954], p.139), we can focus attention on theelagiquation only. Under the stated assumptions,
equation(3') has at least one solution, which however neetlb@anique. Each solution yields

a Walrasian equilibrium price of commodity in terms of commodity2, p/;, to which a
corresponding Walrasian equilibrium aIIocatiorx(pﬁ):(&(p}g),...,x(pﬁ),...,xl(pl’g)), is
associated.

3. Walras's model: textual evidence and intetigtren

Economists are so accustomed to regarding the npaddébrward in the previous subsection as
typically Walrasian that many, or even most, ofntheay deem it otiose to inquire whether or
not the model, as well as the assumptions on whigsts, can indeed be traced back to Walras's
Eléments Yet this question is by no means trivial: answgrit will prove much more
complicate than it might appear at first sight. iRigt the beginning of Lesson 5 of tBEments
where Walras starts his discussion of the "proldénie exchange of two commodities for each
other", one finds a long illustrative passage, whigwe functioning of a real-word competitive
market, the market for the so-calle®lger cent French Rentgss described in great detail. This
example is obviously meant to provide a graduabthiction to the more formal examination of
the problem at issue, to be developed in the fatigwpages. Precisely owing to its informal
character, however, Walras's introductory discussibthe functioning of a real-world market
discloses a number of conceptual difficulties, whi&re instead concealed under the more
cautious language of formal analysis. Hence it rbayuseful to start from the securities
examplé’ “Let us take, for example, trading in 3 per centriéte Rentes on the Paris Stock
Exchange and confine our attention to these openatialone. The three per cent, as they are
called, are quoted at 60 francs. [...] We shall Bpihe term effective offer to any offer made, in
this way, of a definite amount of a commodity ateéinite price. [...] We shall apply the term
effective demand to any such demand for a defamteunt of a commodity at a definite price.
We have now to make three suppositions accordirtheaslemand is equal to, greater than, or
less than the offer. First supposition. The qugrdémanded at 60 francs is equal to the quantity
offered at this same price. [...] The rate of 6@rfts is maintained. The market is in a stationary
state or equilibrium. Second supposition. The brekeith orders to buy can no longer find

2The following quotation in the text is drawn frohetEnglish edition of thElémentg[1954], p. 84-85). However,
for reasons that will become apparent later in thibsection, we have reproduced the passage amiitadly
appeared in the first edition of tl#émentgapart from the English translation, of coursepmessing a few words
inserted by Walras in the second and followingied# of that book. On the changes undergone byphisage
from the first to the second edition, see also A&(f1988], p. 71-72).
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brokers with orders to sell. [...] Brokers [...] tka bids at 60 francs 05 centimes. They raise the
market price. Third supposition. Brokers with orsléo sell can no longer find brokers with
orders to buy. [...] Brokers [...] make offers @ Brancs 95 centimes. They lower the price

This passage reveals that the starting point ofr&8al analysis is indeed represented by a
very realistic picture of the trading process, etyre which apparently stands at a very great
distance from the highly stylized image of the saprecess emerging from the basic
assumptions and the formal model presented above.fifst striking difference lies in the
following: while the model deals with an economyes two commaodities proper are traded for
one another, the example concerns instead a mahere a commodity proper is exchanged for
money. Since, as we shall see, Marshall's "tempaquilibrium" model deals precisely with a
market where a commodity proper ("corn") is excleghfpr mone#, it is particularly important,
for our present purposes, to clarify Walras's pasiin this respect. Now, concerning this point,
Walras is fortunately very clear. For, a few liredter the securities example quoted above, he
adds: ‘Securities, however, are a very special kind of roowlity. Furthermore, the use of money
in trading has peculiarities of its own, the stumiywhich must be postponed until later, and not
interwoven at the outset with the general phenomesfovalue in exchange. Let us, therefore,
retrace our steps and state our observations irergdic terms. We may take any two
commodities, say oats and wheat, or, more abstra@) and (B’ ([1954], p. 86-87).

In sharply disconnecting the introductory exampient the "scientific" discussion of the
problem of the exchange of two commodities for anether, Walras takes due care of restoring
the symmetry between the two commodities composireg economy under discussion, a
symmetry that had been broken, in his example, Hey d@xistence, side by side, of such
heterogeneous objects as money, with its "pectiéali and a commodity proper. Precisely, in
his "scientific" treatment of the problem at hamd, money exists in any other sense than
possibly that of being a unit of account; at theedime, either commodity can indifferently be
taken as the numeraire of the economy. As we skall this restored symmetry, which sharply
distinguishes Walras's formal treatment of the faxehange, two-commodity economy from
Marshall's, plays a fundamental role in allowing k& to generalize his approach to more
complex economies and models. Coming now to what hage called the three basic
assumptions concerning the trading process, on¢ aalusit that, at first sight, all three of them
are disconfirmed by the securities example. As ssulnption 2 ("Perfect Competition”), one
can see that, in that example, there are tradatsiiake" the price, in the sense that they make
price bids, changing them according to the circamsts of the marketThey raise the market
price", "They lower the pricéy so that traders cannot apparently be viewepriage-takers and
the competitive assumption fails. But, since pric®e individually changed by traders
experiencing rationing, one cannot apparently ve that different prices will not be quoted by
different traders at the same time, so that alssudption 1, the so-called.dw of One Pricg
would not apply in this case; nor can one exclute possibility that some transactions be
actually carried out at out-of-equilibrium pricesy that Assumption 3, theNb Trade out of
Equilibrium" assumption, would fail as well.

Now, also with respect to the basic assumptionsaming the trading process, one should be
careful in distinguishing a mere illustrative exdeypvhich may reasonably be expected to be
realistic and captivating, hence also somewhat écipe, from a formal theoretical model, of
which, on the contrary, one should demand absoigbe and precision. But, in the case at hand,
even in the more formal parts of his discussion,Irsi¢s defence of the fundamental
assumptions underlying his pure-exchange modebtiglways so convincing as one might hope

31t may be interesting to note that, in Walrastftheoretical work, predating the publicationtoé first installment
of the first edition of th&lémentsn 1874 and concerning precisely the theory ofaékehange of two commodities
for one another, one can find an example whichrisially identical with the example in tHelémentsexcept that
the commodity proper traded for money in the mankeder discussion is "corn", instead of being "3 pent
French Rentes"([1874], p. 31-32).
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for. Even if the major difficulties concern Assunapt 3, we prefer to proceed in order, starting
from Assumption 1. The "Law of One Price" is alsferred to in the literature as "Jevons' Law
of Indifference”, since an apparently similar asption was first introduced into the theoretical
debate, under the name of "Law of Indifference"”, J@wons in his path-breaking bodke
Theory of Political Economy1871}*. Both Walras's and Marshall's investigations ittie
problem of exchange are deeply affected by Jevthebry of exchange”, as developed in
Chapter 4 of his 1871 book. In view of this, befgoeng back to Walras's "Law of One Price", it
is convenient to briefly discuss the role playediy "Law of Indifference"” in Jevons' model of
exchange. Jevons' "theory of exchange" is developigl reference to an Edgeworth Box
economy, where each one of two "cornered" tradaited by Jevons "trading bodies", owns the
total endowment of one of the two commodities éxgsin the economy. Jevons' problem is to
determine the total quantities of commoditieand 2 exchanged by the two traders, which are
respectively denoted and y. Then, assuming Jevons' version of the "Law offfiecence” to

hold, it turns out that such quantities also implicdefine the equilibrium rate of exchange
between the two commoditieg/x, that is, the equilibrium relative price of comdity 1 in

terms of commodity2.

According to Jevons, the "Law of Indifference”, ganeral law of the utmost importance in
economics”, can be stated as followl]rn'the same open market, at any one moment, there
cannot be two prices for the same kind of arti¢[@871], p. 137). Now, this "Law" allegedly
plays a fundamental role in the solution of Jev&tgjeworth Box model, as can be seen from
the following passage:Thus, from the self-evident principlee., the "Law of Indifference’]
stated on p. 137, that there cannot, in the samekebaat the same moment, be two different
prices for the same uniform commodity, it followattthe last increments in an act of exchange
must be exchanged in the same ratio as the whaletijies exchanged. [...] This result we may
express by stating that the increments concernethenprocess of exchange must obey the

equationdY _Y” ([1871], p. 138-139). While the first italics arevans', the second ones are
dx x
added).

The above equation, which provides one of Jevoe#-kmown equilibrium conditions, can

: : . . d
be interpreted as stating that, "in the processxchange”, the marginal rate of exchangx.,,
X

must equal the average ratg,, which in turn represents the relative price afnawodity 1 in
X

terms of commodity2 in the "act of exchange" concerned. As can bdyeasiified, however, a
serious ambiguity surrounds the interpretation @fohs' equation: for the equality between
marginal and average rate of exchange can onipfeeréd from the "Law of Indifference” if it

is also assumed that the "whole quantities excldinge and y, are traded "at the same
moment" as "the last incrementstix and dy; this means, however, that "the process of
exchange" cannot be distinguished from "an [insta@bus] act of exchange"”, as the very
wording of Jevons' sentence unwillingly revealsisTalso implies that the equilibrium rate of
exchange be instantaneously reached, so thata$idctions can take place at that rate (actually,
there will occur just one single grand transactibat will of course take place at the equilibrium
rate). To sum up, contrary to what Jevons appearsuggest, it is not true that the above
equation "follows" from the "Law of Indifference$a&uch: as a matter of fact, it "follows" from
the "Law of Indifference’and the assumption that the "process of exchange" deganerate
durationless process. If the "process of exchamgge allowed to be a true time-consuming

4 What we have called here the "Law of One Priceilss occasionally referred to in the literaturetes'principle

of completeness, or universality, of markets"glse as the assumption ainiversal price quoting of commodities
(market completeness)ksee, e.g., Mas-Colell, Whinston, Green ([1995]20, 550). Yet these labels appear to be
misnomers and should be avoided in this context.
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process, then the "Law of Indifference”, as formedaby Jevons, would be perfectly consistent
with a sequence of transactions taking place &treifit instants at different rates of exchange, so
that Jevons' equation would not hold true. The taogy about the epistemological status of
"Jevons' Law of Indifference”, which is alternativénterpreted by Jevons himself as either a
"self-evident principle”, which holds identicallyue under all circumstances, or as an
equilibrium condition, which only holds true undspecial circumstances, is not entirely
dispelled by Walras either. In fact, there are pgss where Walras appears to interpret the "Law
of One Price" as an equilibrium condition, for exgenwhen he states that there can be only one
price in the market, namely the price at whichlteféective demand equals total effective offer
[...], or when he summarizes his analysis of the-t@mmaodity, pure-exchange economy by
means of the following proposition, which, accoglio him, "embraces the whole of the pure
and applied economics":The exchange of two commodities for each other ipedectly
competitive market is an operation by which alldess of either one, or of both, of the two
commodities can obtain the greatest possible sati®in of their wants consistent with the
condition that the two commodities are bought aoldl &t one and the same rate of exchange
throughout the market{[1954], p. 143).

Yet, the interpretation of the "Law of One Prices' @ pure equilibrium condition, though
supported by renowned interpreters of Walras'sghb(such as Morishima ([1977], p. 11-26)),
is ultimately unacceptable. For, as we have seernhé previous subsection, one of the
distinguishing features of Walras's model is ilging on the concept of aggregate demand and
excess demand function. Now, if it is true that,pogviding the market-clearing condition, the
nullity of the aggregate excess demand functiomgtgn (3’) above) plays a fundamental role
in defining the Walrasian equilibrium concept, stalso true that the very notion of aggregate
excess demand function could not even be defineduhiform price, allegedly known to all
traders, could not be supposed to exist in any*tadeus, it can be seen that the very structure
of Walras's model implies the universal validity tbe "Law of One Price", which must be
supposed to hold under all circumstances, thabigy at equilibrium and out of equilibrium.

A similar reasoning applies to Assumption 2 : foe way in which Walras constructs the
individual demand and excess demand functionsiradér's schedules”, as Walras calls them,
leaves no doubt as to the fact that, for the pwpad the theory, he imagines the traders to take
commodity prices (a single relative price, in these at hand) as given parameters and to
determine the quantities to be traded of the varioammodities (two, in the case under
discussion) in such a way as to maximize theiitutilinctions®. Hence we can conclude that the
"Perfect Competition" assumption, apparently disicored by the securities example, is never
really questioned by Walras in his formal model.

In discussing the status of Assumptions 1 and Wairas's model of a pure-exchange, two-
commodity economy, we have ascertained that sudurAptions hold in every case, that is,
both at equilibrium and out of equilibrium. Up tow, however, we have not yet specified the
exact nature of the disequilibrium states thatlmamegarded as consistent with Walras's overall
approach. This is not accidental, for the answéhigoquestion crucially depends on the meaning
and implications of Assumption 3, to which we nawntour attention. Assumption 3 is the most
problematic of all three: such controversial cheerads partly due to the fact that, in all
probability, Walras did not initially realize theed for such an Assumption. As a matter of fact,
Walras's original discussion of this issue - inhbloits early theoretical writings, such as the 1874
and 1876mémoireson the theory of exchange, and the first editibthe Elémentg1874-1877)

°0n the construction of the aggregate excess defoaotion see, e.g., Walras ([1954], p. 94-95).

181t should be added that, also in discussing thresttaction of individual demand and excess demamndtions,
Walras supposes the tradets ‘anticipate all possible values of [the pricepifin zero to infinity and determine
accordingly all the corresponding values of [theicess demands[Walras [1954], p. 92); this means that traders
are supposed to take all sorts of prices, bothliegum and disequilibrium ones, as given paranstéehaving
competitively under all circumstances. See alsp, Walras ([1954], p. 122).
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- is highly ambiguous. To be precise, not only Heeurities example, but also the entire
formulation of the pure-exchange model in the 18dd 1876mémoiresand in the first edition

of the EIémentsare not inconsistent, to say the least, with treaithat some transactions may
actually be carried out at disequilibrium pricesor@bver, should we extend our consideration to
the production and capital formation models, we dmmediately discover that, in the first
three editions of th&léments(hence up to 1896), such models explicitly contewepout-of-
equilibrium transactions and other observable digbgium activities”.

But to allow out-of-equilibrium trades to actuatbgcur in the economy is inconsistent with
the requirements of equilibrium determination in Ix&sls approach. To see why, let us focus
attention, once again for the sake of simplicity,tbe pure-exchange model exclusively. In this
model the occurrence of disequilibrium transactiammsild make the equilibrium indeterminate
not only by altering the data of the economy (namidle individual endowments), but also, and
foremost, by changing such data in an unpredictadalg for Walras's theory is indeed able to
predict the plans of action optimally chosen byttiaelers at both equilibrium and disequilibrium
prices, but it can only predict the traders' adidtnat is, their observable behavior) when the
economy is at equilibrium.

These critical remarks, confusedly made by Bertiariuis 1883 review-article of the second
edition of Walras'§'he orie mathe matique de la richesse socigl&883), where Walras's 1874
me moire on the theory of exchange had been reprinted withoy significant change, induced
Walras to explicitly introduce a "No Trade out afiibrium™ assumption into his theoretical
system, first by dropping a short statement to #ffect in an obscure article on Gossen
published in 1885, and then, with specific refeeete the pure-exchange model, by inserting a
few well-chosen words into the securities exampléhie second (1889) and following editions
of the EI€ ments precisely, in discussing the three alternativepfmsitions" which are
separately analyzed in that example, "accordinthasiemand igqual tq greater than or less
than the offer”, Walras added the statement "Exchamdest place” in the case of market
equilibrium, while he inserted the short senterf@dseoretically, trading should come to a halt"
and "Trading stops" in the cases of excess demaddeacess supply, respectively ([1954], p.
85). As to the production and capital formation mlsddiscussed in the various editions of the
El€ ments however, a sort of "No Trade out of Equilibriuassumption was only introduced in
the fourth edition of th&l € ments published in 1900, when Walras eventually resbkeeadopt
the so-called "hypotle se deshons: according to this assumption, all traders (tisatnot only
consumers, as in the pure-exchange model of thendeand subsequent editions of the
El€ ments but also producers and owners of the factorsgadiyction) are not allowed to carry
out any actual transactions until an equilibriunaigved at; until then, they can only exchange
"bong, that is, conditional claims, which are not effee whenever the economy is out of
equilibrium ([1954], p. 242, 282, 319). So, Assuiopt3 is eventually vindicated, becoming one
of the cornerstones of the Walrasian edifice infiigl form. But it would be misleading to
conceal that it took more than a quarter of a ggrttuWalras to convince himself that his theory
cannot not do without such an assumption.

4. Walras's model : limitations and extensions

The reason why Walras so strenuously resistedeherglized adoption of the "No Trade out of
Equilibrium™ assumption is easy to explain. Thiswaaption, when combined with the other two,
turns the process of adjustment towards equilibriitm a purely virtual process, where nothing
observable can occur. Such virtual process evatves a "logical” time entirely disconnected
from the "real" time over which the economy is soggd to evolve. Hence, since it takes just
one instant of "real” time for the adjustment pssce carry its effects through, the equilibrium
state, granting that it is eventually reached, nb@simagined as "instantaneously" arrived at, as

YA thorough discussion of the evolution of Walradeds concerning equilibrium, disequilibrium and the
equilibration process, the celebraté@tbnnemenprocess, can be found in Donzelli (2005).
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far as the "real" time of the economy is concerrigak this "instantaneous" character of the
equilibrium concept, which Walras is eventuallypugh unwillingly, led to recognizg clashes
with his original idea that the empirical conteftgeneral equilibrium theory crucially depends
on the possibility of showing that an equilibriuate "comes to be established" through an
adjustment process in "real" time, where observablavior is allowed both to take place and to
play an essential role out of equilibrium.

So, it is true that Walras's basic assumptions tabtiei nature of trading process severely
restrict the claims that his equilibrium approaahd especially the underlying theory of the
equilibration process, can lay to descriptive galiAnd it is also true that such restrictions are
difficult to swallow, first of all for Walras him#fe as the length of the period needed to accept
them witnesses. But in the end he is willing toet#éikis step, because he is aware that accepting
those constraints is the price to be paid for achgenot only a theoretical consistency, but also
a descriptive generality, that would be unattaieaitherwise.

In fact, this can be easily seen by going backhto gure-exchange, two-commaodity model
from which we started, and analyzing the role piayyy Walras's various assumptions in
allowing him to extend the scope of this simple elpdn such a way as to progressively
encompass, in a very natural way, an ever largeofseconomic issues and phenomena. In the
first place, it should be stressed that, by assgrfiom the very beginning the "Law of One
Price" and "Perfect Competition”, Walras can stifmywardly attack the problem of
equilibrium determination in an economy wéhy finite number of traders, without being forced
either to confine his analysis to a two-trader @rowy, as Jevons (1871) had been forced to do, or
to make further special assumptions on the tradkesacteristics, as Marshall will be compelled
to do in hisPrinciples (1890), as we shall see in the next section. Maeowith regard to the
traders' characteristics, it should also be addatiWalras's original assumptions concerning the
cardinality and additive separability of the traglartility functions turn out to be unnecessarily
restrictive, even if Walras will never become awafehis, and can be easily disposed of, as
Pareto (1906) will prove a few years later, withgadpardizing in the least Walras's approach
and results in dealing with the pure-exchange gmhblith any number of traders. Furthermore,
by temporarily giving up the apparently realistretence to cope with both the exchange and the
money issue at one and the same time within the-exchange, two-commaodity model, and by
choosing from the beginning to normalize the psgstem by taking one commodity proper,
instead of money, as the numeraire of the econdMglras makes it easier to smoothly
generalize his analysis of the two-commodity ecopdma multi-commodity world, in a truly
general equilibrium framewotk Finally, by complementing the "Law of One Pricaid the
"Perfect Competition" assumption with the "No Tramlé of Equilibrium” assumption, Walras
makes it possible to apply the same analytical @ps and the same "instantaneous”
equilibrium concept, already employed with refeeerio pure-exchange economies with an
arbitrary number of traders, to more general ecaeswith production, capital formation, and
even money, which can eventually be reintroducéal time analysis. As can be seen, therefore, a
sort of trade-off between realism, on the one hand, consistency and generality, on the other,
seems to apply in Walras's case: giving up a w&bti more realistic analysis of the

®As far as the pure exchange model is concernedrad/aecognizes the “instantaneous" character of his
equilibrium construct as early as in 1885, in thhealy quoted article on Gossen ([1885], p. 3121jnInstead, as
far as the more comprehensive models with productiapital formation, circulation and money area@ned, one
has to wait for the well-known passage of Lessonrg@vly added to the fourth edition of tB#ments(1900),
where the implications of the so-called "hypothdesbons for the time structure of the analysis and theureof
the equilibrium construct are extensively discug§t@s54], p. 319).

®This extension is carried out by Walras himselEésson 11 of th&lémentswhich is the first Lesson of Part IlI
of that book, entitled "Theory of Exchange of Sev&@ommodities for One Another". It may be inteirggto note
that Walras exclusively employs the expression éganequilibrium”, later used in a much more corhpresive
sense, to denote a state of a multi-commodity, ylesse economy in which a consistent price systesmmalized
by choosing an appropriate numeraire, obtains.
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disequilibrium process appears to be the priceetpdid for gaining a sounder consistency and a
greater generality in the field of equilibrium thgo

lll. Marshall's approach

Let us turn now to Marshall's approach. As explaimesection 2, we are essentially concerned
here with Marshall's model of an Edgeworth Box @rogy, as expounded in "Appendix F.
Barter" in the fifth and following editions of tHerinciples as well as with his "market-day" or
"temporary equilibrium" model, as developed in Gkapl of Book V of the same treatise. The
relationship between Marshall's "temporary equili’’ model and his more elaborate "normal
equilibrium™ models will be briefly discussed inbmection 4.4 below. In Marshall's case, for the
reasons already stated, we shall try to reconstnigctformal models from a hermeneutical
analysis of the available textual evidence, jointiiveloping theory and interpretation.

1. Marshall's basic assumptions about the trgdinocess

Unlike Walras, Marshall doesot assume the traders to behave "competitively",yiftlis
expression one means that the traders take precggvan and choose quantities (i.e., choose
consumption or trade plans) in such a way as toimmag utility. This means that in Marshall
one doesot find demand or excess demand functions compatabléalras's, since the latter's
functions, as we have seen, essentially depentie@adsumption of "Perfect Competition" and
the "Law of One Price" (in the sense specified a&owhat we do find in Marshall is a different
kind of functions, which are still related to théea that the traders behave "rationally”" and
"competitively”, even if Marshall's conception @ftionality and competition is different from
Walras's’. Marshall's fundamental ideas about the tradingcgss are the following: 1) the
trading process in a pure-exchange, two-commodibtyemy should be viewed as a sequence of
bilateral bargains, each involving two traders atime; 2) the conditions governing each
individual bargain (quantities traded of the twanenodities, hence rate of exchange between
them) should be specified by exploiting the genpraperties of the marginal rate of substitution
of one commodity for the other for the two tradengolved in the bargain, where the marginal
rate of substitution is viewed as the reservatiocepof either a buyer or a seller, as the case may
be.

To develop Marshall's model, let us focus on coresum At the beginning of the trading

process, letMRS,(w,, w, ) = ou (S;Il Gy) /94 (;;l(' o)
i 2i

consumeri's marginal rate of substitution of commod2y for commodity1l. Supposing that
there exists a consumgr i, such thatMRS),(a,, @, )# MRS, (@, @), let

k; (@) = min{MRS, (@, 2, ), MRS} (a0 a3
_ and _
K (w) = ma){MRSl(a’li y G )' MR%]l(a)lj 1 G )}
Then a bilateral bargain involving a marginal tra(dgj,dxz)= —(dxii,dxzj) between the two

consumers is weakly advantageous to both (thétirgsreases the utility of at least one of them,
without decreasing the utility of the other), asdaas the marginal rate of exchange between the

%‘ _|dx;
dx; | [dx]

=V, (e, )V, (cw,) be the initial value of

two commodities

‘ , belongs to the intervetkij (w), K; (a))] .

In view of this, it is wholly inappropriate and rgading to call "Marshallian”, as many well-knowdvanced
microeconomic text-books do (Varian [1992], p. 4@®)), what is to all purposes an ordinary Walasilemand
function, obtained under the standard Walrasianraptions about individual rationality and markeitgetition, as
stated in the previous section.
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Now, if one assumes that any weakly advantageongaimawill be exploited by the party (or
parties) benefiting from it, one can predict thansumeri's initial allocation will change
whenever there exists another consumer who, ainitial allocation, is characterized by a
marginal rate of substitution different froms. But this prediction is obviously insufficierd t
make the analysis of the trading process involdogsumer determined: to this end, in fact, it
would be necessary to know exactly who are the woess with whom consumdr makes
dealings, what is the time order of these dealindt are the amounts traded in each case, and
so on. For the same reasons, even if one can ptadicthe trading process will eventually come
to an end when the marginal rate of substitutictheéssame for all consumers, for in that case no
weakly advantageous bargain is left to be exploigdanybody, at this stage of the analysis,
failing further assumptions, one can predict neithe final allocation nor, as a consequence, the
final rate of exchange of the two commodities foe @nother.

2. Marshall's model of an Edgeworth Box economy

According to Marshall, this sort of indeterminasyintrinsic to any trading process involving
two commodities proper, that is, to arsystem of bartér([1961a], p. 334). Such kind of trading
processes is examined in greater detail in Appemdiaf the Principles which, as already

mentioned, is specifically devoted to the analysisa "system of barter”. To begin with,
Marshall makes the simplifying assumption that oty traders be involved in the barter
process, thereby turning the economy under questitm an Edgeworth Box economy,

Oeeg ={(Df,ui (E)ch)iz:l}. The traders' characteristics satisfy all the @gions made in section

2, with the further restriction, introduced here feasons similar to those already explained in
discussing Walras's model, that the second-ordex partial derivatives of the traders' utility
functions are taken to be strictly negative. Unithesse conditions, Marshall shows, by means of
numerical examples, that the barter process betweertonsumers trading "apples” for "nuts"
may follow a number of alternative paths, each bfclw eventually terminatespécause any
terms that the one is willing to propose would sadvantageous to the other. Up to this point
exchange has increased the satisfaction on bo#ssidut it can do so no further. Equilibrium
has been attained; but really it is not the equilim, it is an accidental equilibrium([1961a],

p. 791). Specifically, Marshall examines threeral¢ive paths. The first one, characterized by a
constant rate of exchange between the two commsditver the exchange process, stands apart
from all the other possible paths, occupying a tpwsi which, according to Marshall, is
theoretically unique, though practically irrelevatithere is, however, one equilibrium rate of
exchange which has some sort of right to be caledrue equilibrium rate, because if once hit
upon would be adhered to throughout. [...] Thighien the true position of equilibrium; but there
is no reason to suppose that it will be reachepractice” ([1961a], p. 795).

2L Marshall provides two apparently similar, but heajuite different, definitions of what might catflea "true
equilibrium rate" or a "true equilibrium price":dHirst is put forward in the passage of AppenditoRvhich this
footnote is appended; the second, instead, is stején a passage appearing in Chapter Il of Boosf ¥he
Principles([1961a], p. 333), a passage to which we shall cbawk in the next subsection : “According to thstfi
definition, as we have seen, a certain "equilibriate of exchange [...] has some sort of rightdccalled the true
equilibrium rate, becausé once hit upon it would be adhered to throughofitalics added). According to the
second, instead, a certain "price [...] has [arhs claim to be called the true equilibrium pricgd pbecausé it were
fixed on at the beginning, and adhered to throughibwould exactly equate demand and supfitalics added)”.
As can be seen, the two definitions share in comthendea that, in order to qualify as a "true 8quum rate of
exchange" (resp., "price"), a "rate of exchangefr, "price") should be constant throughout thditrg process.
But while the first definition seems to require, top of this, that any such "true equilibrium ratefice accidentally
"hit upon”, should be deliberately preserved by thaglers, the second does not make any such atlitiequest.
As will be seen in a moment, however, nothing inrdhall's theory authorizes one to suppose thatugirout the
trading process, the traders have any reasonclotstiany rate or price upon which they have actaley stumbled
at the beginning or, for that matter, at any stafghe process. Hence Marshall's first definitiatually presupposes
more than what is justified by his own theory; fbis reason, it ought to be discarded in favor e second
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Either one of the other two paths worked out iradlidty Marshall is instead characterized by
a variable rate of exchange between the two conmtieediver the trading process: such rate, in
fact, is supposed to be monotonically increasingne case, decreasing in the other. Referring to
the latter two cases, deemed to be in some sepsesemtative of a general pattern, Marshall
concludes: In both these cases the exchange would have irexlghgs satisfaction of both as far
as it went; and when it ceased, no further exchamgeld have been possible which would not
have diminished the satisfaction of at least onthei. In each case an equilibrium rate would
have been reached; but it would be an arbitraryigguum*“([1961a], p. 792).

This discussion can be formalized as follows. liet ,2. 1Assuming MRS, (w,, ;) #
MRS (e, @,), let

kyp(0) = Min{MRS, (e, @, ) MRS (e, a2, )} <

< maxMRS,(a,, @) MRS, (@, )} = Kyo(w)

Then the Pareto set @k is the setP, ={x" 0 AZ? MRS, (x")= MRS, (X0 ), while the

contract curve ofgg is the setCey ={x¢ 0P, |u, (x¢ A, (@), u, (xS T, (w,)}. Under the stated
assumptionsC,, # 0 .

For Marshall, any allocation® [0C., may represent an "equilibrium”, and any correspund
common marginal rate of substitution between the tw;mmodities,MRg'l(xc): ps, for

I =1,2, may represent an "equilibrium rate of exchangstiken the commodities concerned.

But, in general, any such allocation (resp., rat@uld be an "arbitrary" or "accidental"
equilibrium allocation (resp., rate). According tdlarshall, only a rate of exchange

P = MR%(XE)z MR%(XE) satisfying the additional condition

would qualify as a "true equilibrium raté"In the above quoted passage Marshall seems to
imply that there exists exactly one such rate. Yi)e the stated conditions are sufficient for a
“"true equilibrium rate" to exist imlsgg, they are not sufficient for uniqueness: in thespect,

therefore, Marshall appears to be overoptimistic. inalfy, since
MRS, (%) = d%z:i i}% i=1,2, in Marshall's "true equilibrium" the
dxli u(xF"‘d)ﬂD):U()gD) v X2|

following condition also holds:

i) [0 |Xz.-w |,_12

V2| (X2|) dxll ‘ B ‘ Xll

definition, as we shall do in the following.

“ANe stick here to Marshall's second definition oftmie equilibrium rate", which simply requires thate of
exchange to be constant throughout the trading escwithout implying that the traders have anyseoaa
whatsoever to adhere to it.
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which is nothing but Jevons' well-known equilibrivzondition ([1871], p. 142-143) These
conclusions would not change if the economy coedisif any larger, but finite, number of
trader$’. For, according to Marshall, the indeterminacytloé final (or equilibrium) rate of
exchange between the two commodities, equal tandrginal rate of substitution common to all
traders in the final allocation, does not essdgtidepend on the number of traders in the
economy. Rather,[the] uncertainty of the rate at which the equililom is reached depends
indirectly on the fact that one commodity is beagtered for another instead of being sold for
money. For, since money is a general purchasingiungdthere are likely to be many dealers
who can conveniently take in, or give out, largpmies of it; and this tends to steady the
market ([1961a], p. 793).

As far as the indeterminacy problem is concernleel findamental property of money, which
is not generally shared by commodities properhat,towing to its large supply and general
diffusion among the traders,ts' marginal utility is practically constaf®. In Marshall's
terminology, the theory dealing with those tradprgcesses in which one side of each bargain is
in the form of "money", the other being in the foofna commodity proper, is called the "theory
of buying and selling”. Towards the end of Appenlirf thePrinciples Marshall contrasts the
"theory of buying and selling" with the "theory bhrter", stressing what he regards as the
essential difference between the twolte real distinction then between the theory ofirmy
and selling and that of barter is that in the fomitegenerally is, and in the latter it generally i
not, right to assume that the stock of one of kivegs which is in the market and ready to be
exchanged for the other is very large and in maawyds; and that therefore its marginal utility
is practically constarif[1961a], p. 793). In view of this, going back tbe Edgeworth Box
example already discussed in the first part of Appendix, but assuming now that one of the
two commodities traded ("nuts") shares the esdept@perties of money (large supply and
general diffusion, hence "constant marginal uti)itywhile the other ("apples") does not,
Marshall categorically asserts that, independemitithe path followed by the exchange process,
"[i]n this case the bargainimgustissue in [a determinate outcome]": precisely, vibats out to
be determined in this case is both the total qtatrthded of the commodity proper ("apples”)
and the final rate of exchange between the two codines. The latter, being uniquely
determined, can legitimately be said in this casespresentthe equilibrium” rate, rather than
simply "an" (or "an accidental® or " an arbitrary") "equilibom" rate; but it might also be
legitimately qualified asthe true equilibrium raté because it does satisfy the condition set out
by Marshall ([1961a], p. 333) for so qualifying ate of exchange. What instead remains
undetermined, even in this special case, is tla tptantity traded of the money-like commodity
("nuts"), which depends on the specific path fokoWby the trading process

%As can be seen, Marshall interprets the equalitwéen marginal and average rate of exchange aguilibeium
condition: precisely, he interprets it as the defincondition of a "true equilibrium”. As has beshown in
subsection 3.3 above, a similar line of reasoniad already been suggested by Jevons (1871), sd fhaty no
means surprising that Marshall's condition for ra€tequilibrium" should coincide with Jevons' ongi condition
for an equilibrium of his model. In spite of thesevious similarities, however, there are two impattdifferences
between Marshall's approach and that adopted manysybefore by Jevons. First, while Jevons trieishQut
success) to justify the assumed equality of matgind average rate of exchange as a necessarygummee of his
"Law of Indifference”, Marshall does not endorsetseontrived appeal to "Jevons' Law" (as we shedl kater,
Marshall is only occasionally willing to accept dder version of the "Law of Indifference"). Secqmhile Jevons
uses the equality between marginal and averageofat&change to actually solve his model, Marshalks not
make any effective use of such equality, apart famfining what he calls the "true equilibrium" cept; but, as we
have already seen, the "true equilibrium” conceppriactically irrelevant for Marshall, who in effefllows a
completely different route to find the solutionfe$é model.

24 Marshall ([1961a], p. 792). Here Marshall, withaxplicitly mentioning Edgeworth, is clearly attaud the
latter's theory of recontracting, as put forwardedgeworth (1881).

As we shall see in the next subsection, anothedition is in effect required, according to Marshddr the
marginal utility of money to be approximately canstin real-world trading processes.

%6 ([1961a], p. 791, 793; Marshall's italics). Theus of equilibrium determinacy in Marshall's theofybarter was
critically discussed by Edgeworth in an article Italian, published on an lItalian journal one ye#terathe
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Let us now verify whether the results allegedlyctesd by Marshall in the framework of his
particular example actually hold in the formal mlodé a special Edgeworth Box economy,

s = 5™, where commodityl ("apples”) is a commodity proper, while commodiy

("nuts") is a money-like commodity, whose margingility is assumed to be constant (the
superscriptm in both Oegy and:lsf,xezvm is there to remind the reader of the money-likieireaof

one of the two commodities). In view of the monieIcharacter ascribed to commodRy it is
natural to take that commodity as the numerairthisi model, so thap, =1. As to commodity
1, we shall see that many different concepts ofpitiee of commodityl in terms of commodity

2 need to be employed in order to formalize Mar&halbproach: namely, for each consumer
both a "demand price" and a "supply price" of cordityol in terms of commodity2 will be
defined in the following; moreover, an "equilibriupnice” concept will be needed as well (but
the latter, as already seen, may require furtheldifigations, for it may be either "true" or
"arbitrary" and "accidental", as the case may lreany case, the price of commodityn terms

of commodity 2 will always be denoted by, in what follows, with additional subscripts or

superscripts specifying the particular price conegpssue.

Marshall's "constant marginal utility of money" asgption can be formally rendered by
assuming consumers utility function to be quasi-linear in commodi2y, that is:

ui(xjj’xzi)zvlj(xli)+xzi’ 1=12
where the constant marginal utility of the mondglcommodity has been normalized1to
i.e., au,(x,, x, )/ax, =1= constant, so that in this case one also I88s,(x,, x, )/dx2 = 0. As we

have seen, Marshall's main empirical justification adopting the "constant marginal utility
assumption™ is that money is in large and genenaply. It is difficult to formalize this empirical
condition in an Edgeworth Box economy. In any case, shall assume that consumies

endowment of the money-like commodity is "suffidigriarge”, that is,«w, is no less than a

positive numberm > 0 to be specified in due time, for= 1,Marshall's assumptions
concerning the marginal utility function of a comality proper can be rendered by means of the
following restrictions on the partial derivative amnsumeri's utility function with respect to
the quantity consumed of commodity

ou. (X, Xy ' 0%u; (%, Xy X
—u'(aX;J(ﬁXZ):V1i()ﬁi)>o’%zvﬁ(xﬁ)<o’

for x; 20, i= 1,2”". Under these assumptions we haMBS,(x) = alg (X‘)/ag‘ (x)
Xli X2i
that the marginal rate of substitution of commodityffor commodityl, or the reservation price
of commodity 1 in terms of commodity2, only depends on the quantity consumed of
commodity 1. The latter, as we shall see, is the propertyhefttaders' characteristics driving
Marshall's results in his Edgeworth Box model: tbis reason it will be referred to as

"Marshall's fundamental property" in the sedtel

=V (Xli)' SO

appearance of the first edition of tiinciples (Edgeworth, 1891a). Edgeworth's criticism was tedoliby a
Cambridge mathematician, Arthur Berry (1891), whdlhed his reply to Edgeworth on the same jouatal
Marshall's instigation. Edgeworth's rejoinder (18p&nded the controversy. On this controversy sseMarshall's
comments in Note Xlbis of the Mathematical Appendix of tHerinciples ([1961a], p. 844-845), as well as the
editorial notes and the letters to Edgeworth byd¥lall and Berry, respectively, in ([1961b], p. 7888). See also
Newman's notable contribution in Whitaker (1990).

%/[1961a], p. 93 and 838). Also in Marshall's casewe already did in Walras' case and essentiatlyhe same
reasons, we shall exclude the possibility of satiateven if Marshall does not rule it out ([1961&] 93, fn. 1). This
strong monotonicity assumption, however, can bpetised with, at the cost of complicating somewhaitnalysis.
Since the marginal rate of substitution is invariander any arbitrary strictly increasing transfation of the
utility index, all properties of the marginal raté substitution, including its independence of #raount of the
money-like commodity in the consumption bundle, barregarded as ordinal properties.
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Let d,(x,, a3 )=max{0,x, —ay;} be consumei's net demand proper for commodityand

gj(x]j,a)“):|min{0,xli —a)li}| be his net supply of commodity for x; 20, i =1,2. If x, >,
then d, (x,,a})>0 and consumer is a net buyer of commodity; henceMRS,,(x, )=V, ()
can be interpreted as a buyer's reservation pacalemand price, that is as the maximum
quantity of commodity2 that consumen is willing to pay in exchange for one unit of
commodity 1, when his present consumption of commodityis x;. If X, <, then
s, (x,,a,)>0 and consumer is a net seller of commodity; hence MRS, (x, )= v, (x,) can

be interpreted as a seller's reservation pricsupply price, that is as the minimum quantity of
commodity 2 that consumer is willing to receive in exchange for one unitafmmodity1,
when his present consumption of commodity is x,. Finally, if x, =, then

d, (ay, )= s, (e, e, ) = 0 and consumet is neither a net buyer nor a net seller of comyodi

1, so thatMRS,,(ay;) = Vv, (eg;) can be interpreted as both the maximum quantigoaimodity

2 that consumer is willing to pay and the minimum quantity of coradity 2 that consumer
is willing to receive in exchange for one unit @hemodity 1, when his present consumption of
commodityl is ;.

Hence, given s, (x,,@;)0(0.a;), let pi(s; (%, @) =v;(w -5 (k@)= vilx) be
consumeri's supply price of commodityl when his consumption of that commodity is
X =W — Sy (Xn ’a)li);Sim”arIy! givend, ()(1“%)2 0, let p;(d, (Xn » W )) =V (wu +d; (Xli’wli )):

v, (xn) be consumer's demand price of commodifywhen his consumption of that commodity
is %, =, +d;(x,,a). The correspondences :[0,a;] - 0., mapping consumer's net
supplies of commodity into consumei 's supply prices of commodity, is called consumeir's
Marshallian inverse supply correspondence of conityodl. The correspondencepj([)] is
defined as follows: p;(s,)=[0.V, ()], for s,=0; pi(s,)=V,(w, -s,), for s,0(00.a);

05 (s;) = [V (0).0) for s;=ay;. Given the assumptions om, (] and its derivatives, the
restriction of p (J to the domain(0,cy, ) is a strictly increasing continuous function. Sarly,
the correspondence]‘j' :[0,) - O,, mapping consumei's net demands for commodityinto

consumeri's demand prices of commodity, is called consumei's Marshallian inverse
demand correspondence for commodity The correspondence ([)J is defined as follows:

pf (dy ) =V, (e ) o), for dy; = 0; pe(dy )=V (e +d,), for d, > 0. Given the assumptions on
v(J] and its derivatives, the restriction qf (Jj to the domain(0,) is a strictly decreasing
continuous function.

This has prompted Newman ([1990], p. 265) to sugties Marshall's cardinal interpretation of thaders' utility
functions, and specifically his quasi-linearity @smption (that is, the assumption that the utiliyndtions be
additively separable in the amounts of the two caodities and linear in the second one, which in farplies the
constancy of the marginal utility of the money-lisemmaodity), though sufficient for Marshall's ma@sult, are not
necessary for it and can be dispensed with at ab €bis conclusion, however, is questionable,amy on general
methodological grounds, as explained by Mas-Colalhinston and Green (1995, p. 50) in their disarssif
cardinality and quasi-linearity, but also with sifiecreference to Marshall's problem, should onterapt - as
Newman does ([1990], p. 265-267) - to generalizesMall's approach from a two-commodity economy veith
money-like commodity to a multi-commodity economythwmoney. In fact, when there is more than one
commodity proper in the economy, "Marshall's fundatal property" can only be preserved by assumimy t
traders' utility functions to be additively sepdealm all their arguments (i.e., amounts of comrtiediproper and
money) and quasi-linear in money.

235



By first taking the inverses of the previous twadtions, and then suitably extending such
inverses to cover the whole price domain, one getsMarshallian direct supply and demand
functions. Namely, consumers Marshallian direct supply function of commodity mapping
consumeri's supply prices into net supplies of commodity is the continuous function

: S S , . S |— A
s 010, - [0,5] defined as followss, (p;)=0, for p; 00V, (e, )); s (p3)= @, — (v )" (),
for ps OV, () Vi (0); s;(ps)= . for p OV, (0),%0). The functions; (1) is nondecreasing in
p;, and strictly increasing fop; D[v;j (0 ) Vi (O)] Similarly, consumei 's Marshallian direct
demand function for commodity, mapping consumeir's demand prices into net demands of
commodity 1, is the continuous function, :(017,, - [0,) defined as foIIows:dli(pl‘f):O, for

pf Ol (e )eo): i (p2)= ()" (p2)-a, for pi DO ()). The function () is
nonincreasing inpg , and strictly decreasing fop; D(O,v'li (3 )J
Now, assuming consumei's preferences to be such thids potential expenditure on

commodity 1 be bounded above, the restriction on consungminimum endowment of the
money-like commodity can be specified as follows:

wy 2Ly = . E[lépm){Pﬂ (dy )dy } =12

Now let d,(p")= ziz:ldli(p]‘j'), for p’=p!, i=12 and p'0O(0,0), and let
s(p)= ziz:l i(pﬁ), for p’=p;, =12, and p; D[O,oo). The functionsd, () and s, (I, arrived
at by aggregating the individual demand and sufppigtions over all consumers, are called the
Marshallian aggregate demand and supply functioncémmodityl, respectively. Letp
= miax{v'1i (@)}, Pon = miin{v;j (0, )} and pg, = miax{v'1i (0)}, i =1,2. Then the functiord, (1) is
nonincreasing inp{, and strictly decreasing fop/ D(O, pfmaxJ, while the functions ()} is
nondecreasing inp;, and strictly increasing forp; D[pfmin, meaxJ- Further, provided that
consumers' preferences be not identical at thialimitiocation, p. _ > pS. . Hence, there must
exist a unique price" = p™ = p D(pfmin, pfmax) such that

dy(pM) = s,(p") (4)
or
d,(p")-s(pM")=0 @)

where p" may be called the Marshallian equilibrium price asimmodity 1 in terms of

commodity 2, while the common valud,(p)") =s(p!" ,)synthetically denoted bg, (p" ,)
may be called the Marshallian equilibrium totabigd quantity of commodit§ or, for short, the
equilibrium quantity of commodit{. Equation (4”) closely resembles the Walrasianlgmjium
equation (2’), embodying the market-clearing canditfor commodityl, any solution of which
represents a Walrasian equilibrium price of comnyotliin terms of commaodity2, p; . But, all
similarities notwithstanding, the interpretationesfuation (4”), and specifically of the associated
Marshallian equilibrium price concept, is altogetiig#ferent from that of equation (2’), and
specifically of the associated Walrasian equilibriprice concept. As a matter of fact, in spite of
its appearance, equation (4”) (or, for that matguation (4’)) ismot a market-clearing equation;

similarly, in spite of its apparent rolgy," is not a market-clearing price. It is certainly true that
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if the two consumers should agree to carry outhair trades at a constant rate of exchange
equal top", then the market for commoditywould "clear" at that rate, in the sense thathat

end of the trading process, the total quantityedadf commodityl would be equal to both the
guantity demanded and the quantity supplied, that to the common value

a(p")=d,(p")=s(p). But typically the two consumers will not carrytdbeir trades at the

constant ratep” ; and yet, even if different trades take placeifiértnt rates, at the end of the
process the total quantity traded of commoditywill still be equal to the common value
q,(p"). But then, if the ratep” does not play any exclusive market-clearing relage the
market "clears", in the sense specified, also wition-constant sequence of rates of exchange,
what is exactly the role played by ? And why does the Marshallian equilibrium totaicked

quantity of commodityl invariably equalg, (p" ?

When the two consumers have already cumulativelgeti a quantityg, of commodity1,
such thatc“hD[O,ql(le)), there still exists a positive difference betweka demand and the

supply price of commodit{t corresponding tdj,, that is p! (dl)— pf(dl) > 0; hence there still is
room for a weakly advantageous marginal trade batwie two consumers, at any rate of
exchangep, 0 |ps(6,). pf(G)|, or even in general for a finite trade, underahli restrictions on
the allowable rates of exchange, depending on theuat already traded, the amount to be
traded, and the graphs of the Marshallian demandsapply functions of commodit§ for

g, >@,. Given the quasi-linearity in commodit of the utility functions, whatever the
allowable rate of exchange between the two comnesdét which any marginal (or allowable
finite) trade occurs, the Marshallian demand an@pbu functions of commodityl are
unaffected. Hence the Marshallian equilibrium priaad quantity of commodityl are
independent of the path followed by the exchangegss; as a consequence, the total traded
quantity of commodityl will always equalqg,(p)' )when the exchange process eventually
ceases, while the marginal rate of exchange athwthie last marginal trade occurs will always
be p. Hence, as Marshall correctly suggests, the ragxchangep,” ought to be interpreted
as the final rate to which the sequence of thesratevhich the consumers have traded during the
trading process necessarily converges, along awhith may exhibit no regularity other than
the stated convergence; the total quantity of coditydl traded by the consumers,(p!" , )
ought instead to be interpreted as the quantitgashmodity 1 to which the monotonically
increasing sequence of the quantities cumulatitralyed by the consumers during the exchange
process necessarily converges. Finally, the totentity of the money-like commodity
cumulatively traded by the consumers at the erttiefrading process remains undetermined, its
final value being however necessarily confinechminterval

P nila s [ o |

0
wherei, j = 1,2 is s.t.v(eg,)= piy . while | is sty (@)= pl,.

Hence, in Marshall's model of an Edgeworth Box eooy with a money-like commodity
there is no counterpart of equati(ﬂﬁ'), appearing in Walras's model, where it provides t

market-clearing condition for commodi®; and, for the same reason, in Marshall's modegthe
is nothing comparable to Walras' Law, even if, ttuthe bilateral character of any exchange, the
total value of sales must always equal that of pases for each consumer, hence for the whole
economy.
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3. Marshall's "temporary equilibrium" model

The formal analysis developed above supports thelgsions informally reached by Marshall in
his Edgeworth Box artificial example with a monéel commodity ("nuts”) and a commodity
proper ("apples"). It is obvious, however, thastis just a provisional result for Marshall, whose
aim evidently is to apply his method of analysisataore realistic economy, with an arbitrary
finite number of traders and commodities. Yet, whillarshall's objectives are indeed quite
general, the analytical tools at his disposal renuite limited: in fact, in developing his
analysis of the so-called "temporary equilibriundemand and supply” in Chapter Il of Book V
of the Principles while explicitly referring to an exchange economigh any finite number of
traders and commodities, Marshall puts forward (oore precisely, informally illustrates) a
model where he explicitly takes into account anteaty finite number of traders, but only two
commodities at a time. As a consequence, the milldstrated in Chapter Il of Book V,
henceforth referred to as Marshall's "temporaryilggium” model, can only represent a very
partial generalization of the Edgeworth Box modeAppendix F, with the following features:
the number of traders increases o> 2; the number of commodities formally taken into
consideration still remain& = 2; the money-like commodity becomes "money" propieay is,
the counterpart of any trade, or the "general pastiy medium" in the economy, whose
marginal utility is assumed to be constant ([1961a]335-336, 793); the other commodity is
explicitly taken to be a consumers' good.

The last qualification requires some comment. Ilaspay from the Edgeworth Box model
with a money-like commodity to the "temporary eduibm™ model with money, Marshall
further specifies the conditions under which thenktant marginal utility of money" assumption
is empirically justified and substantially satisfidn fact, to the already mentioned characteristic
property of money of being in large supply and geheise, Marshall now adds another
condition, concerning however not money as suchrdibher the commodity for which money is
exchanged: The "constant marginal utility of money"] assumptis justifiable with regard to
most of the market dealings with which we are pecatly concerned. When a person buys
anything for his own consumption, he generally gigeon it a small part of his total resources;
while when he buys it for the purposes of tradeldwoks to re-selling it, and therefore his
potential resources are not diminished. In eithaese there is no appreciable change in his
willingness to part with money. [...] The exceptoare rare and unimportant in markets for
commodities [that is, consumers' goods]; but in ke#s for labour they are frequent and
important. [...] The theory of buying and sellingdomes therefore much more complex when we
take account of the dependence of marginal utlityamount in case of money as well as of the
commodity itself. The practical importance of thansideration is not very gréaf[1961a, p.
335-336).

In view of this passage, we can conclude that Mafsh"temporary equilibrium” model
actually consists in a limited extension of his Bdgrth Box model with a money-like
commodity to a pure-exchange, two-commodity econamtih an arbitrary finite number of

traders, that is, an econom;%xe"m:{(mf,ui ([)]cq)ilzl} with | >2, where commodityl is a

consumers' good, commodig/ is money, and the marginal utility of commodRyis assumed

to be constant. Even if, formally, the model cansb@&l to apply to an entire pure-exchange
economy with the specified characteristics, frosubstantial point of view it actually describes
the functioning of a single market, namely, the kearwhere a given consumers' good is
exchanged for money. This simply means that theemnadder discussion, though formally
constructed as a general equilibrium model, actuatbvides the foundations of Marshall's
partial equilibrium analysis of an isolated markiétis ambiguity is not devoid of consequences.
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Let us consider, in particular, the "constant maautility of money" assumption. Of the two
conditions that, according to Marshall, justifygfassumption, the first can be taken care of in
the same way as before, by fixing a minimum endoatroémoney,m , for eachi =1,...,1 . But

the second cannot be formally accommodated intontbdel of an economy with only two
commodities, one of which is money, for in such @ded it is meaningless to suppose that each
traderi's expenditure on the only consumers' good existirthe economy represents "a small
part of his total resources". This is just an ins&of the difficulties one necessarily encounters
in trying to make formally precise Marshall's riddut vague, empirical insights, while striving to
keep the formal model as faithful as possible tod¥all's original presentation.

Similar remarks apply, in particular, to the idédaymalizing the behavior of those dealers or
middlemen, supposedly buying with a view to reisgll who are incidentally mentioned by
Marshall in the passage quoted above: for the fbtreatment of that sort of behavior, with its
obvious strategic connotations, would require tis® wf a conceptual framework and an
analytical apparatus which are entirely alien ta$hall's capabilities and interests. Hence, in the
following, we shall rule out all strategic considgons, assuming instead that all traders engage
in bilateral bargains, satisfying the following dions: each bargain is regarded as a self-
contained transaction by the two traders involved,iso that each trader, in deciding whether to
get engaged in a bargain, takes into account drdyirhmediate effects of that bargain on his
utility®. On top of this assumption, which is specifichie ttemporary equilibrium" model, due
to the existence in this model of a number of radgeater than two, we have to confirm here
the same two assumptions already encountered iahdiis Edgeworth Box model: precisely, in
conformity with Marshall's verbal description oktlexchange process, we shall assume that an
individual bargain will only take place if it is \a&ly advantageous for the two traders involved
in it, while no trader will stop trading as longlaes can increase his utility by so doing.

Under the above assumptions, the generalizatidheofmodel of an Edgeworth Box economy
with a money-like commodity[lef; =Ce5>™, to the "temporary equilibrium” model of a pure-
exchange economy with consumerngﬁz"m, is immediate: in effect, all the analysis leading

to equations (4) and (4”) is independent of thember of traders in the economy, and
consequently applies without change to the newesttnexcept that now the number of traders
in the economy id > 2, instead of jus® as before.

Yet, in spite of their formal similarity, it is netheless convenient to distinguish between the
two cases: namely, when referring to the econﬂnﬁy'm, rather than to the economygy, we

shall rewrite equations (4’) and (4”) as

d! (p™) =5 (p™) )
or
d! (p") -5 (™) =0, &)
it being understood that, in deriving equations) @hd (5”), the Marshallian aggregate
demand and supply functions for commodityare, respectively,dl'(pf):zi':ldli(p{f), for
pl=pg, i=1...1, and pf O(0,), and 5 (p;) =" (pg), for pe=p;, i=1,...1, and
o) D[O,oo), with | > 2 (rather thanl =2, as in the derivation of equations (6) and (7)ixtlker,

29 Marshall's exclusion of all strategic considenasidrom his "temporary equilibrium" model is opeslyessed by
Berry in a private letter to Edgeworth, once agaiitten at Marshall's suggestion. In trying to defeMarshall's
stance from Edgeworth's criticism, Berry wriieger alia: “Your argument as to recontracts which would wtist
temporary equilibrium, | found very interesting abhdeems to me quite true, but | hardly thinkegbs directly on
Marshall's chapter, where recontracts are tacktyueled” ([1961b], p. 794).

239



p,™ is the Marshallian "temporary equilibrium” moneyice of commodity 1, while

q(p,™)=d, (p")=5(p/") is the Marshallian "temporary equilibrium" quaptitof
commodityl.

As we shall see, Marshall's final interpretatioregtiation (5°) or (5”) is essentially the same
as that of equation (4") or (4”). Yet, Marshall'mims are not entirely justified: for, even if
equations (5’) and (5") are formally almost ideaticto equations (4’) and (47), their
interpretation cannot be exactly the same as befaeclarify this point, let us first recall the
essential features of Marshall's original presémtatMarshall, as it is customary for him,
develops his "temporary equilibrium” model by meahsan example. In this case, Marshall's
illustration is taken "from a corn market in a coyntown"”, where "corn [...] of the same
qguality" is traded against "money", the former lgeimeasured in quarters and the latter in
shillings (Marshall, 1961a, p. 332). Hence, inlight of Marshall's example, commodities 1 and
2 above should be interpreted as "corn” and "manegpectively, while the price of commodity
1 in terms of commodity 2 should be interpretedh&s"'money price of corn”. In his illustration,
Marshall summarizes the relevant aggregédets' concerning the corn market by means of the
following "table" ([1961a], p. 333):

At the price Holders will be Buyers will be
willing to sell willing to buy
37s. 1000 quarters 600 quarters
36s. 700 " 700 "
35s. 600 " 900 "

From a discussion of these "facts", Marshall dréwvesfollowing provisional conclusion: The
price of 36s. has thus some claim to be called the true dxuiln price: because if it were fixed
on at the beginning, and adhered to throughoutatild exactly equate demand and supply (i.e.
the amount which buyers were willing to purchase¢hat price would be just equal to that for
which sellers were willing to take that price); ab@cause every dealer who has a perfect
knowledge of the circumstances of the market expkat price to be established. If he sees the
price differing much from36s. he expects that a change will come before |lamgl by
anticipating it he helps it to come quickly1961a], p. 333-4).

Here Marshall offers two different reasons for ifygtg the statement thathe price 0f36s."
is "the true equilibrium pricé What is at first sight disconcerting is thatther argument is
really consistent with Marshall's approach: for thest ambiguously oscillates between a
Jevonsian and a Walrasian approach, while the seassumes an amount of knowledge on the
part of some dealers that is wholly at variancdwidth Marshall's vision and theory.

The first argument has an explicitly conditionainfo if some extreme form of "Jevons' Law
of Indifference" were to hold, implying the constsirof the money price of commodity 1 over
the whole trading process, assumed to be time-coingy rather than simply across the different
trades taking place at one and the same instamt, the price of 36." would clear the market
for that commaodity. This argument might appearuggest a distinctly Walrasian interpretation
of both equation (5’) (or (57)) and the price edaiium concept implicit in it. But there is
something unconvincing in this Walrasian readindghaf price equilibrium concept: on the one
hand, as we already know, Marshall does not belietke truth of the premise of the proposed
conditional statement, which sounds therefore anlgpcounterfactual in characteron the

%As we have already seen in discussing Marshallteinof an Edgeworth Box economy, Marshall doeshetieve

that a constant rate of exchange between the twamudlities, representing the "true equilibrium rateds any
chance of prevailing over the trading processat,freferring to such "true position of equilibrity he states that
"there is no reason to suppose that it will be medcin practice” ([1961a], p. 791). As we shall sea moment,
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other hand, as can be seen by the second haledfethtence between parentheses, Marshall is
far from accepting Walras's price-taking assumptmm which the Walrasian interpretation of
the price equilibrium concept essentially résts

Marshall's second argument is even more questienédn if an inside dealer had a "perfect
knowledge of the circumstances of the market", eV&t the exact meaning of this expression,
he would try to exploit such knowledge strategigalls Marshall himself seems to imply in the
last sentence of the quoted passage. But thendemer's behavior could not be the one
predicted on the basis of Marshall's own simple-sipategic theory, as put forward in both
Appendix F and Chapter Il of Book V of tiReinciples so that "the price of 36" could not be
the equilibrium price, after all, and the allege¢abdizing effect of speculation would be far from
proven, contrary to Marshall's implicatién

Now, if Marshall's justifications of his own "temaoy equilibrium” concept were really
based on the above grounds, Marshall's effortauiid lan original equilibrium model would be
misplaced or self-defeating: in effect, if the poepd justification were the first, with its
Walrasian flavor, Marshall's model should be didedrin favor of the much less cumbersome
model put forward by Walras; if, instead, the preg justification were the second, with its
game-theoretic flavor, Marshall's model should Iseatded since it would be wholly unable to
cope with the issues at stake.

But really it is not Marshall's intention to suppdris "temporary equilibrium” notion by
means of either one of the arguments tentativelyfgpward in the quoted passage: in fact, in the
immediately following sentence, Marshall himselkda care to disavow them both. As to the
second, based on the supposition that some deakyspossess a "perfect knowledge" of the
market conditions, he writesit“is not indeed necessary for our argument thay dealers
should have a thorough knowledge of the circum&siot the markgff1961a], p. 334).

As to the first, based on the joint use of onee® version of "Jevons' Law of Indifference”
and the market-clearing condition, Marshall expdimat, precisely because the dealers, far from
being perfectly informed, actually have a very til, or even grossly mistaken, knowledge of
the circumstances of the market, a number of bdhteargains will be struck at prices different
from the equilibrium one. Yet, according to Marshal spite of all such trades occurring at non-
equilibrium prices, the market will tend to close a price not far from the equilibrium price
(36s.), while the total amount of corn traded will etgaly approximate the equilibrium
quantity (700 quarters). Specifically, Marshall t@s: ‘Many of the buyers may perhaps
underrate the willingness of the sellers to seithwihe effect that for some time the price rules a
the highest level at which any buyers can be foamd; thus500 quarters may be sold before
the price sinks belov87s. But afterwards the price must begin to fall @ahd result will still

Marshall is similarly convinced that there is nagen why, in his "temporary equilibrium" model, theney price
of the consumers' good concerned should be suppogethain constant over the trading process aadlylzerein.
Indeed, Marshall appears sometimes to believettimistandard (i.e., instantaneous) version of "dgvbaw of

Indifference" holds approximately true in "perfacarkets": “Thus the more nearly perfect a markethis stronger
is the tendency for the same price to be paidHerdgame thingt the same timé all parts of the market [...]"”
([19614a], p. 325; italics added). But this has majtto do with assuming the constancy of pover time

*\While the first half of the bracketed expressidmattis, "the amount which buyers were willing toghase at that
price”) may sound Walrasian, since the "buyers" ipawiewed as price-takers and quantity-adaptbessecond
half (that is, "would be just equal to that for wiisellers were willing to take that price") canfmt sure be so
interpreted, since here the "sellers" are supptseldcide whether or not to accept a certain pgogen a certain
quantity of output, which is surely not a compeétbehavior in the Walrasian sense.

%As clearly emerges from the starting paragraph ludp@er 3 of Book V of thérinciples which immediately
follows the Chapter devoted to the "temporary éguaim" model, Marshall is perfectly aware that]¥fen in the

corn-exchange of a country town on a market-dayetipgilibrium price is affected by calculations b&tfuture

relations of production and consumption”, henceekpectations and speculation ([1961a], p. 337). &luthese
aspects, however important in the real world, aedibdrately left out of the formal model of "tempoy

equilibrium".
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probably be that 200 more quarters will be sold] #re market will close on a price of about
36s. For when 700 quarters have been sold, nor sellebe anxious to dispose of any more
except at a higher price than 36s., and no buykbeianxious to purchase any more except at a
lower price than 36s. In the same way if the sellead underrated the willingness of the buyers
to pay a high price, some of them might begin tbatehe lowest price they would take, rather
than have their corn left on their hands, and is dase much corn might be sold at a price of
35s.; but the market would probably close on a prit€@s. and a total sale of 700 quarters
([1961a], p. 334).

We have here a distinctly non-Walrasian equililoratiprocess, since out-of-equilibrium
trades are explicitly allowed for, though not fotlmanodelled. And yet the process is said to
converge to a well-determined price of corn in t®raf money and a well-determined total
traded quantity of corn, where such price and gtyammtcidentally coincide with the Walrasian
equilibrium ones. Once again, as he had alread diorthe context of the Edgeworth Box
economy, Marshall explains that also in this cdme determinateness of equilibrium crucially
depends on the "constant marginal utility of monagsumption: fh this illustration there is a
latent assumption which is in accordance with tbal conditions of most markets; but which
ought to be distinctly recognized in order to pravi,s creeping into those cases in which it is
not justifiable. We tacitly assumed that the suntkvpurchasers were willing to pay, and which
sellers were willing to take, for the seven huntiiequarter would not be affected by the
guestion whether the earlier bargains had been nadehigh or low raté([1961a], p. 334).

But is Marshall justified in supposing that the ristant marginal utility of money"
assumption is sufficient for granting equilibriuretedrminateness in a pure-exchange economy
with many trader@sgz"m with 1 > 2, as it was in an Edgeworth Box economy with a nyene

like commodity[eggz? The answer is: not quite. In fact, in the modeho Edgeworth Box
economy with a money-like commaodity, the sharp Iteatnich has been obtained concerning
p", the Marshallian equilibrium price of commodityin terms of commodity2, crucially

depends on the existence of only two traders iretdomomy: for in that case the marginal rate of
exchange at which the last marginal trade occucgssarily coincides with both the marginal

demand price of the only marginal buyex, (ql(plM )), and the marginal supply price of the only

marginal seller,pf(ql(plM )); hence it also necessarily coincides witfl , which can therefore

be legitimately interpreted as the final rate tdckilthe sequence of the rates at which the traders
have traded during the exchange process necessanNgrges.

But in Marshall's "temporary equilibrium” model teeare more than two traders in the
economy; hence, in general, not only there migldterore than one marginal buyer or seller,
but there might also be some sellers that are @mogimal, in the sense that the minimum supply
prices at which their Marshallian direct supplydtians become perfectly price-inelastic are less

than p"" . Under such circumstances, however, we can ncetobg sure the marginal price at

which the last marginal trade occurs necessarilgoides with p,™ : whether or not this holds

true depends on the path followed by the exchamgeeps, specifically on the order of the
matchings between pairs of traders, that is, onesloimg on which Marshall's theory has nothing
to say. In Marshall's "temporary equilibrium” modéherefore, while the total quantity of
commodity 1 traded in the market will still certigirconverge to the Marshallian "temporary

equilibrium” quantity, q,(p" ) it is no longer true that the sequence of the egyqorices of
commodity 1 at which the traders buy and sell ttainmodity during the trading process
necessarily converges to the Marshallian "tempoegnjlibrium" price, p, " .
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4. Marshall's pure-exchange models: limitations amxtensions

While Marshall's model of the Edgeworth Box economyobviously propedeutical to his
"temporary equilibrium” model, the latter is in nupropedeutical to his normal equilibrium
models, which absorb by far the largest part ofdflali's attention in Book V of therinciples
and can rightly be regarded as the crowning ofMlaeshallian theory of value. Yet it would be
wrong to underrate the role of Marshall's pure-exge models, for they provide the
foundations upon which the whole of Marshall's @rilseory is built, fixing at the same time the
boundaries within which it can hope to expand. Asadter of fact, unlike many of his followers
and interpreters, Marshall himself is well awaretloé fundamental role played by his pure-
exchange models in the overall structure of hisugind, even if he is apparently willing to
acknowledge it in private correspondence only. iRstance, in reproaching Edgeworth (1891a)
for wrongly bringing a charge of indeterminacy agaihis model of barter with a money-like
commodity, Marshall ([961b], p. 797) does not hasitto assert that, if the "error" mistakenly
pointed out by Edgeworth were in effect true, itotd justly shake the credit of a very great
part of his [i.e., Marshall's] book". In his pureedange, two-commodity models Marshall wants
to show how an equilibrium comes to be establistethe final outcome of a realistic process of
exchange in "real" time, where trades can actui@ke place at out-of-equilibrium rates of
exchange or prices. This program inevitably raiffes issue of equilibrium determinacy.
Marshall's solution, as we have seen, consistmposing some related restrictions on both the
traders' utility functions, which are assumed togbasi-linear in one of the two commodities,
and the nature of the commodities themselves, dnehich is interpreted as a money-like
commodity or moneyout court By so proceeding, Marshall solves the equilibrideterminacy
problem in the Edgeworth Box model with a moneglikommodity, in the special sense
specified in subsection 4.2, and almost solvesithie "temporary equilibrium” model, as
explained in subsection 4.3.

But, at the same time, Marshall inexorably resgathe scope of his analysis: for his
suggested solution of the equilibrium indetermingegblem only applies when no more than
one commodity proper is explicitly accounted fortlie model, so that the only unknowns to be
determined boil down to the money price and thentiyatraded of that single commodity
proper (as we have seen, not even the quantityooestraded in equilibrium can be determined
in Marshall's model). As a matter of fact, Marskalipproach can be formally extended to a
multi-market pure-exchange economy, where an artyitfinite number of commodities are
traded for money. Yet, in such a generalized cant®arshall's fundamental property”, on
which Marshall's results in his pure-exchange nmodeth only one commodity proper crucially
depend, can only be preserved if one is willinggsume that the traders’ utility functions are not
only quasi-linear in money, but also additively agle in all their arguments, i.e., all
commodities proper and money; this means, howedkat,the multi-market economy actually
turns out to be made up of a number of separat&etsgaiacking any essential interrelation and
behaving as if they were isolated form each dther

We can conclude, therefore, that there is no wagkxtend to a multi-commodity world, made
up of many interrelated markets, the results addelyy Marshall within his one-commodity
world, consisting in the isolated market where tbely commodity proper explicitly

#Marshall is well aware of the fundamental role pldyy the additive separability of the tradersitytfunctions in
his pure-exchange models. Yet, in his typical stidstead of openly acknowledging the irreplaceabialytical
role of that assumption in his theoretical constai; he prefers to justify it oampirical grounds. In fact, in Note
XIl bis of the Mathematical Appendix of th&rinciples where Marshall discusses his model of an EdgdwBatx
economy with a commodity proper ("apples") and aeyelike commodity ("nuts"), defending it from Edgerth's
criticism, he writes: Prof. Edgeworth's plan of representitd andV [the traders' utility functions] as general
functions of X and Yy [the quantities of the two commodities] has gratitaction to the mathematician; but it

seems less adapted to express the every-day fh@soaomic life than that of regarding, as Jevotd, dhe
marginal utilities of apples as functions ®f simply ([1961a], p. 845).
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contemplated by the model is traded for money: kl's analysis remains necessarily confined
to the partial equilibrium framework dictated by lExplanatory aims and consequent choice of
assumptions, while Walras's general equilibriumlysms stands well beyond reach. Of course,

production phenomena can be brought into the pctilnis is precisely what Marshall does by

developing his normal equilibrium models, where duction of a consumers' good plays a

fundamental role in explaining the functioning bétsupply side of the market. But also in this

case the partial equilibrium framework cannot beroeme.

Conclusions

In this paper we have squarely faced the long-atgndsue of the foundations of modern price
theory, specifically contrasting the received viaecording to which Walras's and Marshall's
approaches to price theory, while differing in ssomre basically similar in their aims,

presuppositions, and results. By focusing on aiapkind of economy (the pure-exchange, two-
commodity economy), which has been formally studigdooth Walras and Marshall with the

help of similar tools, we have been able to prégigtentify the differences between the two
approaches. First, the two economists have beemrstmwidely differ from one another in the

basic assumptions on which they ground their rasmemvestigations of the trading process: as
a matter of fact, it turns out that Walras's vespaeption of a competitive economy is largely at
variance with Marshall's. Secondly, it has beennshthat, starting from such different sets of
assumptions, the two authors arrive at entirelyetéht models of the pure-exchange, two-
commodity economy. Precisely, by reducing the trgdirocess to a purely virtual process in
"logical" time, Walras arrives at a well-definedtion of "instantaneous” equilibrium, which can

be easily extended to more general contexts (sscpuae-exchange and production multi-
commodity economies). On the contrary, by makingew further assumptions on the

characteristics of the traders and the nature ectmmodities involved, one of which must be
money or a money-like commodity, Marshall can irdlesbow that a determinate (or almost
determinate) equilibrium emerges from a processxohange in "real" time with observable out-
of-equilibrium trades; but his analysis cannot lgniicantly generalized beyond the partial

equilibrium framework in which it is necessarilyuated from the beginning.

Hence, to conclude, our comparison between Waleask Marshall's approaches to price
theory seems to confirm that, given the requirenadnequilibrium determinacy, there indeed
exists a trade-off between realism and scope ofataysis: for Marshall can buy a more
realistic interpretation of both the equilibratiggmocess and the equilibrium construct than
Walras's only at the cost of giving up Walras'sgmee to develop a truly general analysis of a
system of interrelated markets.
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