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Abstract

Training image-based geostatistical methods are increasingly popular in groundwater
hydrology even if existing algorithms present limitations that often make real-world
applications difficult. These limitations include a computational cost that can be prohibitive
for high-resolution 3D applications, the presence of visual artifacts in the model realizations,
and a low variability between model realizations due to the limited pool of patterns available
in a finite-size training image. In this paper, we address these issues by proposing an iterative
patch-based algorithm which adapts a graph cuts methodology that is widely used in computer
graphics. Our adapted graph cuts method optimally cuts patches of pixel values borrowed

from the training image and assembles them successively, each time accounting for the
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information of previously stitched patches. The initial simulation result might display artifacts,
which are identified as regions of high cost. These artifacts are reduced by iteratively placing
new patches in high-cost regions. In contrast to most patch-based algorithms, the proposed
scheme can also efficiently address point conditioning. An advantage of the method is that the
cut process results in the creation of new patterns that are not present in the training image,
thereby increasing pattern variability. To quantify this effect, a new measure of variability is
developed, the merging index, quantifies the pattern variability in the realizations with respect
to the training image. A series of sensitivity analyses demonstrates the stability of the
proposed graph cuts approach, which produces satisfying simulations for a wide range of
parameters values. Applications to 2D and 3D cases are compared to state-of-the-art
multiple-point methods. The results show that the proposed approach obtains significant
speedups and increases variability between realizations. Connectivity functions applied to 2D
models transport simulations in 3D models are used to demonstrate that pattern continuity is

preserved.

1. Introduction

Characterization of geological formations plays an important role in many
hydrogeological applications. The geostatistical description of 2D or 3D property fields are
widely used, for example, for heterogeneity representation [De Marsily et al., 2005; Klise et
al., 2009] and transport inversion [Hermans et al., 2012; Lee and Kitanidis, 2014]. Over the
past decades, a series of geostatistical techniques have been developed to reproduce
geological structures and account for geological uncertainty in numerical subsurface models

[Deutsch and Journel, 1992; Koltermann and Gorelick, 1996].
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Classical geostatistical approaches to reservoir characterization follow two main
avenues: two-point semivariogram-based techniques and object-based methods. However,
they both present limited abilities to reproduce complex spatial patterns. The two-point
semivariogram has the advantage to quantify spatial variability in a mathematically tractable
way [Goovaerts, 1998; Isaaks and Srivastava, 1989]. However, its application is limited to
multi-Gaussian systems and hence cannot describe high-order statistics and realistic
connectivity patterns [Journel, 1993]. Object-based methods sample geological shapes to
form a simulated field [Deutsch and Tran, 2002; Deutsch and Wang, 1996]. They can produce
realistic heterogeneity patterns, but it is not always possible to condition the simulations to
dense datasets [Allard et al., 2006; Skorstad et al., 1999]. Multiple-point geostatistics (MPS)
was developed to avoid such limitations [Guardiano and Srivastava, 1993; Journel, 2005;

Krishnan and Journel, 2003].

The fundamental element of MPS is the use of training images, which are numerical
descriptions of prior models in the form of images [Hu and Chugunova, 2008; Mariethoz and
Caers, 2014]. While this raises questions related to the choice of a training image [Pérez et al.,
2014; Suzuki and Caers, 2008], the applications of training-image based MPS approaches
have grown increasingly appealing in the last years. MPS approaches extract spatial structures
of high complexity from the training image in the form of conditional distributions to generate
stochastic realizations. Thus MPS realizations exhibit the same type of patterns as those found
in the training image [Guardiano and Srivastava, 1993]. This idea was implemented in the
SNESIM algorithm [Strebelle, 2002] by using a tree structure to store data events. Similar
algorithms include GROWTHSIM which introduces a random-neighbor path [Eskandari and
Srinivasan, 2010] or HOSIM which uses spatial cumulants for pattern extraction [Mustapha
and Dimitrakopoulos, 2011]. Although training-image based methods have been used in many

hydrogeological applications [Hermans et al., 2015; Hu and Chugunova, 2008; Huysmans et
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al., 2013; Mahmud et al., 2015; Michael et al., 2010], they suffer from limitations inherent to
the simulation algorithms. Some important points that limit the applicability of these methods
are a high computational cost, the difficulty to reproduce certain types of patterns, and most
importantly the limited variability that can be recovered from a finite size training image

[Emery and Lantuéjoul, 2014].

Several attempts have been made to decrease the computational burden of MPS. The
use of multiple grids can reduce CPU cost [Strebelle, 2003]. Search methods using lists
[Straubhaar et al., 2011], or a further improved structure by combining lists and trees
[Straubhaar et al., 2013] decreases RAM consumption but results in higher CPU cost.
Another MPS technique with low RAM requirements is Direct Sampling (DS) [Mariethoz et
al., 2010]. Based on Shannon sampling, DS generates simulations by sampling node-by-node
directly from the training image without storing patterns. Unfortunately, the CPU cost of DS
can still be high [Meerschman et al., 2013]. With the continued development of hardware,
parallelization strategies have been adopted that can achieve significant acceleration for
stochastic simulations [Huang et al., 2013a; Huang et al., 2013b; Mariethoz, 2010;
Tahmasebi et al., 2012b; Walsh et al., 2009]. Among the most efficient MPS algorithms are
patch-based methods, whereby instead of simulating a single node from a probability model,
entire patterns are pasted into the simulation grid. Several algorithms have been developed to
accomplish this [Chatterjee et al., 2012; Honarkhah and Caers, 2010; Mahmud et al., 2014;
Rezaee et al., 2013; Tahmasebi et al., 2012a; Tahmasebi et al., 2014; Zhang et al., 2006].
They offer significant computational gains but tend to have a lower patterns diversity than
pixel-based methods [Mahmud et al., 2014; Tan et al., 2014], which is problematic for
applications where sweeping a wide model space is important [Caers, 2011], such as inverse

problems [Laloy et al., 2016; Lochbiihler et al., 2014; Saibaba and Kitanidis, 2015].
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A historical overview and comparison of MPS and computer graphics reveals that
these two research fields share the purpose of stochastically generating images that present
similar properties as the training image, and that they separately evolved similar algorithms
such as those based on the Markov random field assumption for pixel growth [Efros and
Leung, 1999; Guardiano and Srivastava, 1993] or the application of tree structures [Strebelle,
2002; Wei and Levoy, 2000]. The main difference between these two research fields is that the
data-conditioning problem is not addressed in computer graphics. A successful application of
a texture synthesis algorithm for conditional MPS was achieved by Parra and Ortiz [2011]
who used a non-causal search neighbor based on the method of Wei and Levoy [2000]. More
recently, the image quilting method [Efros and Freeman, 2001] was adapted for geostatistical
conditional simulation under the name of Conditional Image Quilting (CIQ) [Mahmud et al.,
2014]. By identifying the minimal overlap error and generating an optimal cut of the patches,
this algorithm avoids introducing vertical and horizontal artifacts that are often present when
applying patch-based methods [Arpat and Caers, 2007]. However, CIQ only considers two
overlapping patches with either vertical or horizontal boundaries. As such, it is limited in that
it cannot consider patches of arbitrary shape, and is also not able to consider sequences of
more than two overlapping patches. Moreover, it requires using a unilateral path (i.e. starting
on the top left corner of the grid and proceeding with the simulation row by row), which
results in difficulties for hard data conditioning [Tahmasebi et al., 2012a]. Another drawback
of CIQ, and patch-based algorithms in general, is the large amount of verbatim copy, which
refers to large areas of the simulation being directly borrowed from the training image. As a
result, the variability between realizations is reduced, since it is inversely proportional to the

amount of verbatim copy [Mariethoz and Caers, 2014].

In computer graphics, the graph cuts approach was proposed as an alternative to the

quilting approach for cutting patches Kwatra et al. [2003]. It is only very recently that the
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concept of graph cuts made its way into geostatistics. The general idea of conditional graph
cuts was first described by [Mariethoz and Lefebvre, 2014], but not implemented nor tested
until a conference presentation in 2015 [Li and Mariethoz, 2015], followed by an application
in the context of geophysical inversion to iteratively update parts of a parameter field, hence
forming a Markov chain of realizations that sample a posterior distribution [Zahner et al.,
2016]. While this last application was successful in solving inverse problems, it is restricted to
simulation outputs with a size smaller than the training image and it has not been investigated
for direct conditioning to point data or for 3D cases. In this paper, we further develop the
graph cuts approach into a complete geostatistical simulation method that enables
conditioning, artifact minimization and 3D simulation. The graph cuts framework offers an
efficient way of defining optimal cuts through the grid according to the chosen cost function
and allows keeping a record of past cuts that can be used within an iterative simulation
strategy. This allows removing artifacts caused by previous cuts and increasing the variability
by introducing new cuts. Since the first submission of this manuscript, another graph-cuts
based method has been proposed [Tahmasebi and Sahimi, 2016a; b] that was developed
independently of our work. It presents similar concepts, but with different implementation
details. For example in our paper a different strategy is used for ensuring local conditioning.
We also propose a new merging index to quantify the pattern diversity generated by the
simulation algorithm. Exhaustive tests are carried out, including parameter sensitivity analysis

as well as comparison with other MPS algorithms.

The next section presents the main concepts of the graph cuts-based simulation method
developed in this paper. Then we outline the new algorithm for cases of unconditional and
conditional simulation. A parameter sensitivity analysis and applications to 2D and 3D cases

are demonstrated in section 3.
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2. Methodology

2.1.Graph cuts principle

The basic concept that underlies the method presented in this paper is that a Cartesian grid
(i.e., a 2D or 3D matrix of property values) can be represented as a graph, where each pixel is
represented as a vertex which is connected to its neighbors by edges (i.e., two adjacent
vertices in the grid representation are connected by an edge in the graph representation).
While both grid and graph representations are equivalent, using a graph representation allows
using efficient methods and algorithms that have been developed in graph theory. Herein, we
are focusing on graph cuts methods, which are designed to partition a graph in an optimal
manner according to a cost function. In the context of a patch-based MPS method, the graph
representation allows using graph cuts to cut patches such as to minimize artifacts and overlap

CITOTS.

Let us consider a graph G(V, E) with vertices V and edges E. Optimal graph cuts are
derived by using a flow analogy, whereby the graph is seen as analogous to a pipe network
containing a source and a sink, and a set of non-terminal vertices. Each edge has a
non-negative cost (a capacity) and, following the flow analogy, a fluid can flow from the
source vertex towards the sink vertex (note that flow is used here as an analogy only and it

does not represent a physical model).

A cut separates the vertices of the graph into two sets: one attached to the source and the
other attached to the sink. The cost of cutting an edge is equal to its capacity. The min-cut
problem consists in finding the cut that has the minimum total cost among all possible cuts
throughout the graph. The Ford-Fulkerson method [Ford and Fulkerson, 1956] offers a fast

implementation based on the max-flow/min-cut theorem. This theorem specifies that the
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minimum cost cut can be found by identifying the smallest capacity edges that constrain the
total flow through the graph (i.e., the bottlenecks in the flow system). Figure 1 shows a simple
example of a graph construct with the min-cut highlighted in green and the lines widths

reflecting the capacity of the edges.

Once the cut is identified, the nodes are labeled as belonging to either the source or the
sink. This technique is equally applicable to 2D surfaces or 3D volumes since the labeling
process is only influenced by the connection of vertices in the graph, which can represent a

grid of any dimensionality.

g

~
5
[

‘ sink

‘cut

\\

1

non-terminal vertices

Figure 1. Example illustrating the structure of a graph, with the min-cut of optimal
cost highlighted in green (modified from Kwatra 2003). The blue vertex labeled s
denotes the source; the white vertex labeled with t denotes the sink, and the
un-labeled vertices denote non-terminal vertices. The width of the edges represents
the flow capacity. The max-flow/min-cut method is the analogue of a flow process
from the source to the sink, through non-terminal vertices. The minimum cost cutis

shown as the green line.
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Many algorithms such as the push-relabel strategy [Goldberg and Tarjan, 1988] or the
augmenting path strategy have been developed for solving min-cut/max-flow problems
efficiently. The fast augmenting path algorithm proposed by Boykov and Kolmogorov

[Boykov and Kolmogorov, 2004] is used in this paper.

2.2.Using graph cuts for patch-based geostatistical simulation

Similar to the applications of graph cuts in computer graphics [Efros and Freeman, 2001;
Lasram et al., 2012] patch-based MPS algorithms extract patches from a training image and
sequentially assign the selected patches to the simulation grid. A distance function is used to
find a patch that corresponds to the overlap with the previously simulated patches [4rpat and

Caers, 2007; Tahmasebi et al., 2012a; Zhang et al., 2006].

The main attraction of using graph cuts in this context is to find the best cut of the overlap
that maximizes the spatial coherence when stitching the patches in the simulation. To this end,
the grid points in the overlap area between two patches 4 and B constitute the vertex set.
Nodes representing adjacent pixels are connected by edges. Since the cut has to pass
somewhere through the overlap area, source and sink nodes are connected to nodes
representing grid cells that should be constrained by the old and new patch respectively. Once
the minimum cut is determined, the nodes that are labeled as being attached to the source are
attributed the values in patch 4 and the nodes attached to the sink are attributed the values in
patch B (see Figure 2a). More specifically, the overlapping part of 4 and B is considered as a
grid graph in which any two adjacent vertices u and v of the overlap are connected by an edge
e(u,v). The value at vertex u is denoted as A(u) and B(u). The absolute difference between

vertices values is denoted d(u):

S(u, A, B) =|A(u) - B(u)| ' (1)
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The capacity (cost) of the edge connecting u and v is defined as the sum of the absolute

differences of the two vertices:
C,(u,v,4,B)=6(u,A4,B)+6(v,4,B) _ 2)

Using these costs, graph cuts can be applied to optimally stitch the patches together in order
to update the simulation grid. In contrast to quilting-based methods, [e.g. Mahmud et al., 2014;
Tahmasebi et al., 2012a], here the old cuts can be included in the overlap and influence the
subsequent cuts, following the strategy proposed by Kwatra et al. [2003]. The main idea is to
add a new vertex (termed seam vertex in this paper) in the graph where a cut passes, in order
to store the quality of the old cut. If a seam vertex indicates a poor quality cut, it suggests that
when a new patch is considered at this location it is preferable that the parts of the old cut
containing high cost seam vertices (and the surrounding poor quality patterns) are erased and
replaced. Figure 2 illustrates this with a situation where there is an initial cut between patches
A and B (Figure 2b), and a third patch C needs to be added that accounts for the existing cut
(Figure 2c). Once a cut is made between 4 and B, additional seam vertices are added along
the cut (dashed line on Figure 2c). Figure 2d illustrates the construction of an edge with the
addition of seam vertex m, connected to the adjacent vertices u and v. Two edges e(u,m) and
e(m,v) connect each new seam vertex to the pre-existing adjacent vertices and replace the

previous edge e(u,v).

If a subsequent patch C overlaps this cut, a new edge e(m,f) is connected to the sink
terminal (#) of the new patch C and assigned the capacity of the old cost. The capacity of

e(u,m) is calculated using:
CE(u,m,A,C):5(M,A,C)+5(V,A,C):CE(Z/I,V,A,C), (3)

and the capacity of e(m,v) is defined in a similar way:

10
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C, (m,v, B,C) =8, B,C)+5(v,B,C) = C, (u,v, B,C). )

According to the max-flow/min-cut theorem, when patch C overlaps the seam vertices, at
most one of these three edges (e(m,v), e(u,v) or e(m,t)) has to be cut in order to find the cut

with the lowest cost. This results in the four possible cases that are listed in Table 1.

The process of adding and cutting patches can be iterated to further reduce the overall
cost of the cuts throughout the simulation. Since the cost of the cut reflects the differences
between patches, a larger value implies a higher probability of discontinuities and artifacts.
By searching for high cost values, one can define the location of new patches to be added that

will reduce any remaining artifacts.

a) Overlap b)
I: - |' ; P_ .h B:
lTatchA a2
) B .l_ AV - i STTUN SRV} WL Y Oeiiudt Y i T PR | S
|| —] J l new edges
Existing Y c) -
Patch 4  Existing Patch B Stichingat

patch A4 an .- chC
‘ .

e)
Patch B seam vertlces' IL ' /
Patch A D 5 Sink tex}ﬁinatll rom
<_| y ot nevj- patc
Patch C Attached to/gm — —gn — ~ 5; Attached to

patch4 — [e(u,m)~ e(mv)~| patch B

Figure 2. The process of incorporating the previous cut in the subsequent graph cut

problems. a) Overlap (in gray) with previous cuts (in green); b) an enlarged view of

11
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previous cuts; ¢) additional seam vertices and edges; d) an enlarged view of a seam

vertex; e) cuts combining three patches.

Table 1. Four possible cases of graph cuts that account for previous cuts

Edge cut when

Labels of (u,m,v)

(O=attached to source

Cost of edge that is

placing a new Changes
terminal, 1=attached cut
patch to sink)
old cut and the seam
e(mﬁt) (090’0) CE(u,V,A,B)
vertex are preserved
e(u,m) (0,1,1) the seam vertex s Cr(u,v,4,C)
preserved but its cost is
e(m,v) (0,0,1) Cg(u,v,B,C)
updated
remove the old cut and
None (1,1,1) None

the seam vertex

2.3.Unconditional simulation

In the case of unconditional simulation, the proposed algorithm consists of two steps.

The first step is to simulate an initial grid by tiling and cutting patches, but with cuts defined

by the graph cuts algorithm. If the realization presents significant local artifacts, a second step

consists in iteratively adding and cutting patches to improve the continuity of patterns and

remove artifacts.

12
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2.3.1. [Initial simulation step

Graph cuts allow for flexibly arranging patches of arbitrary shape along a random path.
This flexibility is very valuable when conditioning or iteratively reworking a realization.
However, the two-steps strategy adopted here only calls for an initial approximatively
conditioned realization which will be further conditioned and improved later. For this first
step, it is sufficient to proceed as in other patch-based methods such as CIQ or CCSIM [e.g.
Arpat and Caers, 2007; Chatterjee and Dimitrakopoulos, 2012; Honarkhah and Caers, 2010;
Mahmud et al., 2014; Tahmasebi et al., 2012a] which use square patches, a fixed overlap size
and a unilateral path similar to other patch-based algorithms. Numerical tests (nor shown here)
have showed that using a unilateral path is preferable in the first step as it allows good
preservation of the training image patterns [Daly, 2004], albeit with poorer conditioning. The
conditioning is then taken care of in the second step, and this is when a non-unilateral path is

used. The procedure for this first step is as follows:

1) Input the training image, the simulation grid, initialize parameters (patch size p, overlap
size o, number of candidates ¢), and define a list for the seam vertices to store the location
and cost of cuts.

2) Start the simulation by randomly choosing a patch from the training image and placing it
in the simulation grid.

3) Iterate until the entire grid is simulated:

a) Search the training image for subsequent patches according to the similarity of the
overlap area. The e candidates that best fit the overlapping part of the patch are

selected using the distance function:

1 N
d, ‘NZ@’ (5)

i=1
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b)

d)

where N is the number of pixels in the overlap area and o, is the error value at vertex
i calculated in Eq. (1). Patches with a lower distance value have a better fitto the

overlap.

Uniformly select one of the e best fitting candidate patches to use in the simulation
grid.
If old cuts are included in overlap grid, add corresponding seam vertices and assign Cg
to their edges.
Use the graph cut algorithm to define the optimal cut between old and new patches.
After the cut has been applied, the remaining part of the patch is denoted partial patch,
and is pasted in the simulation grid. The seam vertices list and the cut map are updated
according to Table 1.

Figure 3 illustrates the process and presents the corresponding cost map which

tracks the cost of each seam vertex.

Note that for patches 2 and 3 (Figure 3e-31), the result is similar to what would be
obtained using Image Quilting, because in this initial simulation stage we chose to
consider square patches and a unilateral patch. For patch 4, the combination of
vertical and horizontal overlaps would be handled in Image Quilting by
performing two independent cuts. In contrast, Graph Cuts is able to define a single

optimal cut through the combined overlap shape (figure 3n).
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patch 1: a) Tl and T1 patch b) new patch ¢) SG d) cost map

|
N |
patch 2: €) Tl and TI patch f) old and new patches 2) SG h) cost map
J
patch 3: 1)T1 and TI patch j) old and new patches k) SG 1) cost map
|
[
I
patch 4:  m)TI and TI patch n) old and new patches 0) SG p) cost map

SSpRSoNiR

Figure 3. The initial simulation step illustrated by a realization consisting of 4
patches shown in each row. For the simulation of each patch, an overlap (shown
with solid brown lines) is defined. One best matching patch is extracted from the
Training Image, shown with colored rectangles. A cut is defined inside the overlap,
and the resulting partial patch is pasted in the Simulation Grid. The cost maps show

the location and cost for each cut.
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2.3.2.

Second simulation step: iterative re-simulation of patches

A high value in the cost map represents a high likelihood of discontinuities and artifacts

(see Figure 3k-1 and o-p). Such discontinuities can be removed by placing new patches that

are centered on the high cost values. In order to increase spatial continuity in the following

cuts, a rejection/acceptance condition is defined. If the new cut reduces the mean cost of cuts,

the update is accepted, otherwise it is rejected. The complete procedure to accomplish this

iterative re-simulation is as follows:

1. Define a stopping average cost value C

2. [Iterate until the mean cost of the cuts over the grid, C , is lower than C

and a size range .

min

or until a

min *

maximum number of iterations / has been reached:

a)

b)

Scan the cost map to identify vertices of high cost Cr (here defined as higher
than the mean cost of the initial simulation, section 2.3.1) and label the
connected components of the high cost regions (The regions with a cost above
80% of the highest cost value is here defined as a high cost region). This is in
contrast to [Zahner et al., 2016] who use high cost regions to define the
terminals of the graph cut problem.

Randomly choose one among the ¢ largest connected components as the center
of the new patch. The size of the new patch is defined as the size of the chosen
connected component multiplied by » in each dimension.

Use Eq. (5) to find the ¢ closest matches in the training image

Run the graph cuts algorithm to define which part of the patch should be pasted
in the simulation grid.

Accept the new patch and the associated cut only if it reduces C.
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Note that » should be larger than 1 in order to include in the new patch the entire connected

component of large error values (»=1.3 is used in this paper).

Figure 4 shows one iteration starting from the model in Figure 3. It results in improved
structure continuity due to the addition of a new patch in the lower part of the domain, thereby

resulting in a cost reduction in this area.

a) initial realization b) initial cost map
i 1
05
L
-
0
¢) modified realization d) modified cost map
[ |
0.5
0

Figure 4. One iteration of patch replacement. a) Initial realization (same as Figure
3k; b) initial cost map (same as Figure 31); c) Result after patch replacement (note
that the artifact on the channel in the lower portion of the image has disappeared); d)

cost map of c.

2.4.Conditional algorithm

Conditioning to point data can be challenging in patch-based simulation, especially

when several conditioning data fall within a patch, resulting in a data configuration that may
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not be present in a finite size training image. By iteratively cutting and stitching patches, the

two-step simulation described above can be extended to address point data conditioning.

2.4.1. Conditional distance

For conditional simulation, the formulation of the distance between patches is modified
such that the search for a subsequent patch accounts for both 1) overlap similarity and 2)
conditioning data matching. To do so, we modify the distance function in Eq. (5) to obtain an
approximately conditioned realization, which will be later modified for exact conditioning.
The modified distance function d,, is reformulated as:

Nc
d, =(1-w)yd,+wd, with d, =NLZQ (6)

c c=1

with 0, denoting the absolute difference between conditioning data and the simulation and N,
the number of conditioning points inside the patch. The relative importance of the two terms
is determined by the weight w in the interval [0,1]. A value of w=0 means that the
conditioning data are not taken into account. Conversely, w=1 results in the conditioning data

being honored as much as possible while ignoring continuity between patches.

2.4.2. Exact conditioning

While the use of Eq.(6) allows selecting patches that are generally coherent with the
conditioning data values, it does not ensure that all conditioning data are honored exactly if a
continuous training image is used or if several conditioning data lie in the same patch,
especially when using large patches or when the density of conditioning data is high
[Mahmud et al., 2014; Zhang et al., 2006]. This will inevitably result in some of the
conditioning data not being honored. Increasing w can result in a better conditioning, but this

comes at the price of decreased pattern continuity where patches overlaps, which is not
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desired. One solution consists in splitting the patch into smaller patches, each one containing
less conditioning data, hence making it easier to find a match [Tahmasebi et al., 2012a]. In

this work, we take a different route that exploits the flexibility of the graph cuts approach.

By considering the non-matched conditioning data as artifacts, improved conditioning can
be accomplished by iteratively replacing patches analogously to how cut artifacts were treated
in section 2.3.2. After a first simulation step that uses the distance in Eq. (6), the conditioning
data are divided into two groups: the matched and the non-matched data. For continuous
variables, if the exact same value as the conditioning data is absent in the training image, a
value within a specified error tolerance is defined as being an “exact” match. A 5% tolerance
is used for the tests presented in this paper. At each non-matched conditioning position, a new
patch is selected from the training image and used to define a new cut that is centered on the

conditioning point. The procedure for exact conditioning is:
Iterate until all conditioning data are honored:

1. Randomly choose one non-matched conditioning datum as the center of the patch.
2. Use a two-stage search in the training image.

a) Find patches with center values that are the same (or within the specified
threshold) as the conditioning datum and select them as candidates.

b) Calculate the distance between the simulation patch and the candidates using
Eq.(6). One of the ¢ candidates with lowest distance is randomly chosen as the
new patch.

3. Define u= {u;, j=1, ..., N.} as the conditioning positions inside the overlap area
between the old patch 4 and the new patch B, with values A(x) and B(u), the

conditioning data values as F(u). If a point u; satisfies

A(u,)=F(u,) and B(u,)+F(u,), (7)
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385 this point is defined as the source because it is the value of the old patch that is correct

386 and should be preserved. Conversely, if a point u; satisfies

387 A(uj);tF(uj) and B(uj):F(uj)’ (8)

388 it is the new patch that contains the correct conditioning data value and the point is
389 therefore defined as sink.

390 Note that if both the old and new patch have the correct (or incorrect) value at a
391 conditioning position, this position is defined as unlabeled since conditioning is
392 preserved (or needs to be removed) in both patches.

393 4. Update the simulation, seam vertices list and the non-matched conditional data list.

394

395 Note that the terminal definition described in point 3 aims at better conditioning since it

396  freezes the conditioning data that are correctly matched. But if only a single point is defined
397  as terminal, a cut consisting of an isolated point may occur, leading to poor local conditioning.
398  One solution to the problem of isolated points is to extend the terminal according to the
399  conditioning error. Instead of the conditioning data only, the neighbors of the conditioning
400  data that are within an error tolerance are also taken as terminal. Such a zone is found in the

401  interval [E), E;], which is calculated by:

402 E, =(1-9)3,
: ©)

403 Eh = (1 + q)gu
E (10)

404  where 5, 1is the cost at the conditioning point u; calculated by Eq. (1), and ¢ denotes a

405  tolerance (expressed as a percentage) when setting the location of the terminals. As a result,

406 the source and sink terminals will be further apart when ¢ is large. On the other hand, s,
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represents a relatively small value because it is based on patches similar to target conditioning,
therefore ensuring that the terminal is not excessively large. The extended terminal results in a
better local conditioning but a higher possibility of artifacts which can be removed by
subsequent iterative improvements without adverse effects on the final results. In this paper

we use a value of g=50% for all tests.

The conditioning procedure is illustrated in Figure 5. One old patch centered on a
non-matched conditioning datum is taken from the previous simulation (Figure 5a) and used
to find a similar patch that matches this conditioning datum (Figure 5b). Four conditioning
data are contained in this patch and are separated in two groups as shown in Figure 5c. Only
the conditioning datum represented by a square has a different value between the old and the
new patch. This point is defined as terminal as described in step 3 above. The comparison
between defining the single conditioning datum (“simple terminal”, Figure 5d) and the
extended connected component (Figure 5g) is shown in Figure Se-f and Figure 5h-i. A
conditional pattern is cut with the extended terminal that avoids the isolated cuts and
generally improves conditioning. Consequently, this strategy is used in this paper for the

iterative processes whenever conditioning data are present.
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a) old patch b) new patch ¢) patch difference

(@)
O
_—
d) simple terminal ¢) cut of simple terminal f) result of simple terminal

g) extended terminal h) cut of extended terminal i) result of extended terminal

Figure 5. Conditioning procedure and comparison of different terminal definitions.
Points belonging to source and sink are shown in blue and red respectively. a) Old
patch from previous simulation with a non-matched conditioning datum in the
center; b) new patch from the training image; c) the difference between the old and
the new patch; d) simple terminal with the non-matched conditioning data as
terminal; e) cut with simple terminal of d); f) result of using the simple terminal; g)
extended terminal; h) cut with extended terminal of g); i) result of using the
extended terminal. In d) and g), blue indicates vertices belonging to the source
terminal, red indicates vertices belonging to the sink terminal and white indicates
non-terminal vertices. These non-terminal vertices are separated into either source

or sink with the max-flow/min-cut method in e) and h).
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Accurate conditioning often results in an increased total cost around the conditioning data.
This is a consequence of a trade-off between a faithful reproduction of the training image
patterns and the conditioning to data that are not fully consistent with the training image. One
advantage of the proposed method is that these high cost cuts are removed by using the
iterative replacement of patches described in section 2.3.2, with the distance defined in Eq. (6)

for the selection of patches.

Figure 6 illustrates the process of a conditional simulation on the same training image as in
Figurela. The conditioning data are displayed in Figure 6a. Figure 6b shows the initial
simulation where data conditioning is imperfect, with a large number of conditioning data that
are not satisfied. After 6 conditioning iterations (see section 2.4.2), implying the addition of 6
new patches, the simulation shown in Figure 6c¢ satisfies all conditioning data, but at the price
of increased discontinuities. By adding more patches at the remaining high cost locations, the
spatial continuity is improved. Figure 6d shows the final result after 20 iterations that seek to
improve the spatial continuity. Figure 6e displays the evolution of the conditioning error and
the mean cost over the iterations. Note that an initial increase in the mean cost is required to
achieve conditioning. The mean cost is reduced in subsequent iterations. This behavior is also

observed when simulating continuous variables (not shown).
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Figure 6. The iterative procedure for a conditional simulation. a) 100 conditioning
data; b) initial conditional simulation with 11 non-matched conditioning data; c)
simulation conditional to all data (6 iterations); d) simulation after further
modifications of high cost areas (20 iterations); e) mean error for conditioning data

and mean cost for all cuts, as a function of the iteration number.
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3. Numerical tests

3.1.Parameter sensitivity

The main parameters of the proposed method include the patch size p, the overlap size o
and the number of replicates . This section determines optimal values for these parameters
using different test cases and shows their impact on unconditional and conditional simulation

results. The machine used has 8 Gb of RAM and an Intel i15-4210M with 2.60 GHz CPU.

Besides the quality of the reconstructed patterns, we also focus on avoiding the
occurrence of verbatim copy, which refers to a situation in which values that are next to each
other in the training image are also next to each other in the simulation, thereby resulting in an
artificial reduction in the variability. Verbatim copy can be measured with index coherence
maps [Honarkhah and Caers, 2010; Mariethoz and Caers, 2014]. An index coherence map
indicates for each simulated pixel its original location in the training image. By analyzing
index coherence maps, it is possible to estimate the proportion of the simulation that is a
verbatim copy of the training image. To this end, we introduce a merging index M that

quantifies the variability in a realization based on the index coherence map:

R-1, (11)

Where S is the number of patches identified from the index coherence map and R is the
number of patches used during the simulation. Coherent patches (i.e. next to each other in the
training image and in the realization) are identified as a single patch in the index coherence
map although they have been placed after one another during the simulation. As a
consequence, S<R. The merging index M & [0,1]therefore measures the fraction of cuts that
creates variability, 0 denoting a complete reproduction of the training image and 1 meaning

that each cut adds variability to the realization.
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In this section we use a training image based on a satellite image of the Lena delta, Russia
(Figure 7a) of size 500 by 500 pixels (size of scene approx. 10km by 10km). The
corresponding map of pixel indices is shown in Figure 7b, which corresponds to the index of

each point in the TI calculated by:
[=1,+1,xdimx+/ xdimxxdimy, (12)

where [ is the pixel index, I, [, and /. (default as O for 2D cases) are the coordinate in each
direction and dim x, dim y and dim z are the dimensions in each direction (i.e. there is a

horizontal and vertical gradient in Figure 7b).

The realizations have the same size as the training image. We applied /=200 iterative
patch modifications and found no improvements in 8 out of 10 realizations. One or two new
patches were accepted in two of the realizations, meaning that only minor improvements were
possible. This shows that in the unconditional case, the graph cuts is sufficient to produce
very low overlap errors already in step 1. Therefore, we only show the step 1 realizations and

the corresponding CPU time.
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Figure 7. a) Training image (Lena Delta, Russia). b) linearly increasing indices of
the pixels the training images (there is a vertical as well as a horizontal gradient).

Index coherence maps are obtained by mapping these indices in the realizations.

3.1.1. Number of candidates

Increasing the number of candidates is the most straightforward means to increase the
variability of patterns in the realizations. A sensitivity analysis is carried out with fixed
parameter values p=85 (pixels), 0=25 (pixels) and varying number of replicates e=1, 10, 50.
Figures 8a-c show the resulting realizations. The corresponding index coherence maps are
shown in Figure 8d-f. In the index coherence maps, the lateral variation in color is difficult to
see, therefore red boundaries are used to identify coherent patches: the patches on either side
of a red line are not adjacent in the training image. It shows that increasing the number of
replicates can introduce more possible candidate patches, which avoids the occurrence of
verbatim copy of the training image. The merging index computed over 10 realizations,
displayed in Table 2, leads to the conclusion that too small ¢ values result in low merging

index values, indicating verbatim copy. On the other hand, there is little benefit in setting a
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516  large € value (more than 50 in this case) as it only brings minor improvement in the merging

517  index, at the risk of using suboptimal patches in the simulations.

518
a) realization with ¢ = 1 b) realization with £ = 10 ¢) realization with £ = 50
d) coherence map of a (e = 1) e) coherence map of b (¢ = 10) ) coherence map of ¢ (¢ = 50)
i

519
520 Figure 8.a)-c) Realizations with p=80, 0=25 and ¢ =1, 10, 50; d)-f) index coherence
521 maps for a)-c) with the red boundaries showing coherent patches.
522
523 Table 2. Average merging index for 10 realizations with fixed p=80, 0=25 and
524 varying &.

Nb. of candidates (&) 1 10 50

Nb. of cuts 81 81 81

Average nb. of patches identified
9.2 66.5 78.7
from index coherence map
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Average merging index (M) 0.1025 0.8188 0.9713

Average CPU time (s) 23.79 24.34 24.42

3.1.2. Patch size

The patch size is a critical parameter for many other patch-based simulation techniques.
Figure 9a-c show realizations with different patch sizes p=40, 80, 120, while the other
parameters are maintained at 0=25 and ¢=10. The corresponding index coherence maps are
displayed in Figure 9d-e. Table 3 shows the merging index computed over 10 realizations,
along with the average CPU time for each simulation. With p=40, 1521 small patches are
used, which do not allow a good reproduction of the connectivity. Moreover, only 53.27% of
the patches are introducing variability. A larger patch size can capture large-scale patterns and
also results in an increased creation of new borders. It also has the advantage that the CPU
time is drastically reduced. However, it is clear that using larger patches also reduces the

diversity of small-scale patterns, which are identical as in the training image.
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Figure 9.a)-c) Realizations with 0=25, =10, and p=40, 80, 120 respectively; d)-f) the

index coherence maps for a)-c) respectively with the red boundaries showing

coherent patches.
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Table 3. Average merging index for 10 realizations with 0=25, e=10 and varying p.

Patch size (p) 40 80 120

Nb. of cuts 1521 81 25

Average nb. of patches

identified from index coherence 810.7 66.5 21.5
map
Average merging index (M) 0.5327 0.8188 0.8542
Average CPU time (s) 164.36 24.34 11.09

3.1.3. Overlap size

The sensitivity analysis is now carried out with respect to overlap size 0=5, 25, 45 and
keeping fixed values of p=80 and e=10. Figure 10 shows corresponding realizations and their
index coherence maps. With a very small overlap size, the shapes of the cuts are constrained
to be horizontal or vertical as shown in Figure 10d. It decreases the flexibility needed to
respect the continuity as shown in Figure 10a with a high merging index (Table 4). A large
overlap can result in the adjacent patch in the training image to have an extremely small
distance (eq. 5). This can lead to a lower merging index from 0=5 to 0=25 as shown in Table
4. While there is only a small difference in merging index between 0=25 and 0=45 a larger
overlap leads to higher computational cost, which is explained by the graph cuts problem
being more difficult to solve as the larger overlap results in a larger graph. In this case the
largest variability is obtained with 0=5, however this variability comes at the price of clearly

degraded spatial structures.
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a) realization witho =5 b) realization with o = 25 ¢) realization with o = 45

d) coherence map of a (o = 5) (0 =25) f) coherence map of ¢ (o = 45)

¢) coherence map of b

560
561 Figure 10.a)-c) Realizations with p=80, £=10, and 0=5, 25, 45 respectively; d)-f) the
562 index coherence maps for a)-c) respectively with the red boundaries showing
563 coherent patches.
564
565 Table 4. Average merging index for 10 realizations with p=25, £=10 and varying o.
Overlap size (0) 5 25 45
Nb. of cuts 49 81 169
Average nb. of patches
identified from index 48.1 66.5 139.5
coherence map
Average merging index (M) 0.9813 0.8188 0.8244
Average CPU time (s) 7.13 2431 79.36
566

32



567

568

569

570

571

572

573

574

575

576

577

578

579

580

581

582

583

584

585

3.2.Conditional simulation

Conditional simulation is tested a 250 by 250 binary training image [Strebelle, 2002]
shown in Figure 11a. To evaluate the results of the proposed method, we compare them with
Direct Sampling (DS) realizations. This pixel-based approach is able to provide accurate
conditioning [Mariethoz et al., 2010]. Here we use the following parameters for DS: a
distance threshold of 0.05 when comparing data events, a maximum fraction of scanned
training image of 0.8 and data events defined as the 40 closest informed neighbors. These
parameters were defined through a sensitivity analysis. Figure 11b is an unconditional DS

realization from which 100 pixel values are extracted in Figure 10c as conditioning data.

YA a) Y* b) Y A c)
250 250 250 R 5
¢ o %
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Figure 11. a) Training image; b) unconditional DS realization; c) 100 conditioning

data

According to section 3.1.1, the size of the patch should be large enough to capture
large-scale structures. Thus p = 40, 60 and 80 is used for conditional simulations (the value of
p=80 is too large, but useful to illustrate the iterative conditioning). As expected, it is difficult
to satisfy all conditioning constrains with large patches. The number of non-matched
conditioning data for each initial realization shown in Figure 12a-c is 1, 3, and 5 respectively

which leads to different number of cuts for each conditioning step as shown in Table 5 for
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586  step 2. Figure 12d-f displays the final conditioned results with stopping criterion C_, =0.01

587  (the stopping criterion is very small to illustrate the ability of iterative improvement of the

588  proposed method), where all conditioning data are honored.

a) initial realization (p = 40) b) initial realization (p = 60) c) initial realization (p = 80)
- o

© o 0

589
590 Figure 12. Realizations obtained by the proposed Graph Cuts approach based on
591  conditioning to 100 hard data with 0=15, £ = 10, and w = 0.5. a)-c) Initial realizations with
592  p=40, 60, and 80 respectively; d)-f) realizations after conditioning and artifacts removal
593  for a)-c) respectively, with a mean cost of 0.01 as stopping criterion. The open circles
594  indicate matched conditioning data and the solid red circles denote non-matched

595  conditioning data.

596
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Figure 13. Mean cost of each cut with different patch sizes, as a function of the

iteration number.

Table 5.Time for conditional simulation with 0=15, &= 10, w = 0.5, C_. =0.01, and

varying patch sizes

40 60 80
patch size (pixel)
Nb. of cuts | time (s) | Nb. ofcuts | time (s) | Nb.of cuts | time (s)
Step I initial 100 6.848 36 2.941 16 1.582
realization
Step 2: exact I 0.108 3 0.608 5 1.406
conditioning
Step 3: reducinga 21 6.022 43 8.737 59 10.266
Total time(s) 12.798 12.286 13.254

As shown in Figure 13 and in Table 5, Cincreases in step 1 with increasing patch size and
more re-simulation iterations are needed to reduce this cost to the target stopping value. Note
that with all parameter values, the final realizations (at the end of step 3) converge to results

of similar mean cost, with all conditioning data honored. Although not detailed here, tests
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showed equally low sensitivity for parameters p, o and ¢, thanks to the iterative nature of the
algorithm. The convergence of the iterative process for a large range of parameter values is a
clear advantage compared to other MPS methods where the results are greatly dependent on a

set of parameters that are difficult to choose for non-expert users.

In Figure 14, conditional simulations obtained with Conditional Graph Cuts (with p=40,
0=15, &= 10 and C_, =0.01) and DS are compared. Figure 13a-b show the mean of 50
conditional realizations with both methods. It is seen that with DS there are some features that
tend to appear in all realizations (continuous black channels in the average map), whereas this

effect is less present with Conditional Graph Cuts.

A comparison is also carried out using connectivity functions [Pardo-Iguzquiza and Dowd,
2003; Renard and Allard, 2013]. The connectivity functions of channels (in black) in the X-
and Y-direction are shown in Figure 14c-d. In the X-direction, the connectivity functions of
both methods are distributed around that of the training image. In the Y-direction, a similar
ensemble of connectivity functions is obtained for the Conditional Graph Cuts realizations,

while less connectivity is produced by the Direct Sampling method.

We use multidimensional scaling (MDS) to investigate the variability between realizations
obtained with both methods. Given a dissimilarity matrix D between model realizations, a
MDS representation displays the ensemble of models as a set of points in a possibly
high-dimensional Euclidean space, arranged in such a way that their respective distances are
preserved [Scheidt and Caers, 2009]. D can be computed using several appropriate measures
of distance; here we use the Hausdorff distance [Dubuisson and Jain, 1994] which is an
adequate similarity measure for the channels scenario [Jung et al., 2013; Suzuki and Caers,
2008]. The coordinates of the points are in high dimension, but for representation they are
projected in a 2D space in Figure 14e. There is an overlap of both sets of points, which means

a similar ability to reproduce patterns, although none of the sets of models produced are
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exactly centered on the training image. The points of Conditional Graph Cuts are slightly
further from the training image and it has a somewhat wider spread than that of DS (visible in
outlier realizations, also identifiable in the connectivity functions). This confirms that
Conditional Graph Cuts may generate new patterns from the training image and shows at least
as much variability between realizations, despite the DS being pixel-based and Conditional
Graph Cuts being patch-based, which usually results in less diversity in the patterns produced
[Mariethoz and Caers, 2014]. It appears that the iterative nature of the Conditional Graph
Cuts algorithm allows generating new patterns (and therefore variability) through the cutting
and stitching of new patches. The mean CPU time is 42.37 s for a DS realization and it is 3.54

s for a Conditional Graph Cuts realization with all conditioning data honored and C=0.067.
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Figure 14. a) Average of 50 DS realizations with threshold=0.05, scanning
fraction=0.8 and maximum neighborhood points=40; b) average of 50 conditional
graph cuts realizations with p=40, 0=15, ¢ = 10 and C_, = 0.01; c) connectivity
function of channel along X-direction; d) connectivity function along Y-direction; e)

MDS representation.
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3.3.A continuous test case

In this section we use a continuous training image obtained by imaging flume experiment
results [Paola et al., 2009]. The image size is 500 by 200 pixels. We use 50 conditioning data
randomly sampled from an unconditional DS realization to create the 2D application shown in
Figure 15a and 15b. All the simulations in this section have the same size as the training
image. 50 conditional realizations using Conditional Graph Cuts (with p = 50, 0 = 15, ¢ = 10,
w=0.2,/=200and C,_, = 0.15) and 50 realizations using DS (threshold = 0.04, scanning
fraction = 0.8 and maximum neighborhood points = 40) are generated and compared in Figure
15. The two methods produce visually similar realizations. Conditional Graph Cuts introduces
more variability between realizations, as shown in the average maps of Figure 15¢-f (e.g. top
right corner of figure), whereas DS seems to result in some structures that are the same in all
realizations. This is also visible in the standard deviation maps of Figure 15g-h. They are
related to the occurrence of systematic verbatim copy of the training image. These sharply
delimited areas denote specific patterns being systematically laid down in the vicinity of
compatible patterns formed by the conditioning data. However such lack of variability is local
and in the vicinity of the data. One can identify areas of high variance caused by a low
number of possible patches that can be laid at a given location. The well-defined shape of
these high-variance zones indicates that they correspond to artifacts rather than a desired

uncertainty quantification.

The average simulation time is significantly reduced from 2150 s for DS to 14 s for
conditional graph cuts, representing a speedup of 153. Note that the difference in CPU cost
between DS and Graph Cuts is much larger than for the channels example in the previous
section. This is due to the training image being continuous and complex, which requires the
DS to scan a larger fraction of the training image to find an acceptable pattern match

[Meerschman et al., 2013]. In comparison, with a categorical training image certain patterns
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are frequent and can be found after scanning a small portion of the training image. In contrast,
Conditional Graph Cuts performs in all cases a full convolution of the training image with the
overlap area, whether it is continuous or categorical. Therefore, its computational cost is less

sensitive to the type of variable and the complexity of the structures.
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Figure 15. Comparison of 50 DS realizations (with threshold=0.04, scanning fraction=0.8

2) standard deviation of DS realizations

$u

and maximum neighborhood points= 40) and 50 conditional Graph Cuts realizations (with
p=50,0=15,¢=10,1= 200 and w = 0.2).a) Training image; b) 50 conditioning data; c)
one DS realization; d) one Conditional Graph Cuts realization; e) average of 50 DS
realizations; f) average of 50 Graph Cuts realizations; g) standard deviation map of 50 DS

realizations; h) stand deviation of S0 Graph Cuts realizations.
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3.4.3D application

The 3D performance of graph cuts is assessed against CIQ (described in section 1) with
respect to CPU efficiency and against both CIQ and DS with respect to patterns variability.
CIQ has been thoroughly compared with DS [Mahmud et al., 2014] and presents a speedups
of over 50. 3D training images of different sizes are used for this test. The largest training
image (Figure 16a) has dimensions of 340 by 200 by 80 and was obtained using the method of
Jha et al. [2014]. Two smaller training images with size 100 by 100 by 80 and 50 by 50 by 40
are subsets of this large image (Figure 16b and Figure 16¢). Three output size, that is 50 by 50
by 40, 100 by 50 by 40, and 100 by 100 by 80 are considered for the tests on each training

image.

zZ
a) TI a (340 x200x80) T
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Figure 16. The three training images used. The smaller training images are taken from the
large one. The arrow shows the flow direction used for the transport experiment. In all

images, voxels have a size of 1m by 1m by 1m.

The same graph cuts parameters are used for both IQ and GC (square patches of size
p=30, 0=10 in each direction and ¢=10). The CPU times for the whole simulation (7i1) are
displayed in Table 6, along with the time used for scanning the training images (7scan), also
given as a percentage Pr = Tcan/Tiotar™100%. We do not use DS in the CPU performance

comparison as it is much slower than both GC and 1Q.

The results in Table 6 show that the scan of the training image takes most of the time for
both methods, and that this scanning time increases with the size of the training image. Note
that the computer function used to scan the training image is identical in 1Q and GC. In
comparison, the percentage of scanning time of GC decreases for larger output size since it
requires more time to perform the cuts and to record the seam vertices. However, despite of
the additional CPU time GC is globally faster than IQ. The reason is that IQ splits the
overlaps into several smaller cuboids, each of which requires a scan of the training image.
Conversely, GC can process patches of arbitrary shape, hence reducing the number of training
image scans required (Nsean), as shown in Table 6. The increasing of output size leads to an
increasing percentage of non-cubic overlaps, as a results, the requirements of scanning

number of scanning time of IQ increase faster than that of GC.

Table 6. CPU performance for Image Quilting and Graph Cuts (time in seconds per
realization). In order to generalize the assessment of CPU time, different training image

sizes are considered, as well as different simulation sizes for each training image.

1Q GC
Output size speedup
T, total Tvcan chan T, total Tscan chan
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729

522 | 517 300 | 284
50 by 50 by 40 19 7 1.74
Pr=99.07% Pr=94.72%
1605 | 1595 850 | 799
TIa | 100 by 50 by 40 61 19 1.89
Pr=99.41% Pr=93.93%
11172 | 11126 5272 | 4863
100 by 100 by 80 467 99 2.12
Pr=99.59% Pr=92.26%
150 | 146 73 56
50 by 50 by 40 19 7 2.05
Pr=97.74% Pr=76.04%
452 | 447 204 | 153
TIb | 100 by 50 by 40 61 19 2.22
Pr=98.75% Pr="175.07%
3145 | 3123 1311 | 926
100 by 100 by 80 467 99 2.40
Pr=99.28% Pr=70.58%
29 28 15 8
50 by 50 by 40 19 7 1.93
Pr=96.49% Pr=>51.67%
90 87 51 21
TIc | 100 by 50 by 40 61 19 1.76
Pr=96.88% Pr=40.53%
632 | 614 409 112
100 by 100 by 80 467 99 1.55
Pr=97.22% Pr=27.40%

Figures 17 shows individual realizations obtained with the different methods, as well as
comparative metrics. In Figure 17e it is visible that the experimental variograms do not allow
distinguishing between the methods tested. To test the reproduction of connectivity patterns,
we use flow and transport modeling on the realizations. With TI ¢ (Figure 16¢), 30
realizations of the same size as the training image are generated with all methods (DS

parameters: threshold=0.04, scanned fraction = 0.3 and 25 closest neighbors). The facies
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models are converted to hydraulic parameters by assigning to facies 0 and 1 conductivity
values of 10 m/s and 10 m/s, and porosity values of 0.01 and 0.1, respectively. A dynamic
model is set with a steady-state flow from left (X = 0) to right (X = 50) as shown by a blue
arrow in Figure 16c. The head boundary conditions are set as H=1 on the left and =0 on the
right side of the domain (gradient of 0.02). With a conservative tracer, a transient transport
regime is defined by setting up an initial concentration of 0 on the entire domain and a
concentration of 1 on the left boundary, meaning that the contaminant is progressively pushed
into the model. This transient setting is run for 250 hours using a groundwater finite element
code [Cornaton and Perrochet, 2006], and the mass flux on the right side of the domain is
recorded, corresponding to the contaminant breakthrough curve averaged over the outflowing
boundary (Figure 17f). With this setting, a rapid breakthrough corresponds to a high degree of
connectivity of the channelized structures. The results are shown in Figure 17. While all
methods are globally similar in terms of transport, in this case the GC realizations are slightly
more connected than those of the other methods, which is indicated by faster breakthrough.
The iterative modification step of the GC results in retaining long-range patterns, which

translates into a better reproduction of the connectivity properties,
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747
748 Figure 17. Comparison of 3D unconditional realizations and corresponding
749 variograms and contaminant breakthrough curves. a) One DS realization; b) one 1Q
750 realization; c) one initial GC realization and the patch labels; d) One modified GC
751 realization after /=50 iterations and the patch labels. e) ensemble variograms of 30
752 realizations generated by each method; f) ensemble breakthrough curves.
753
754 4. Discussion and conclusion
755 In this paper, a graph cut-based algorithm is presented for multiple-point geostatistical

756  simulation with point conditioning. This algorithm is an adaptation of an efficient graph cut
757  technique used in computer graphics and initially proposed by Kwatra et al. [2003], which

758  accounts for the information carried by previously placed patches. It is based on the
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generation of cuts in patches of arbitrary size and shape, which are optimal in terms of

minimizing an overlap error.

For conditioning, we design a sequential simulation strategy that takes place in several
steps: an initial simulation step followed by a modification step that involves several iterations.
Acknowledging that an initial realization can present artifacts, the iterations are used to
successively remove such artifacts. The iterative modification can also be used to achieve
exact conditioning, which is usually a challenge for patch-based MPS. It tracks the mismatch
to conditioning data and uses additional patches at locations where there is residual error. An
extension of the terminals is proposed to preserve local conditioning. In some of the test cases,
the initial simulation is already satisfying in terms of both data conditioning and absence of
artifacts, and then few if any iterative patches replacements are required. While it is not
investigated in this paper, it may be possible to accommodate for uncertain conditioning data
by adjusting the stopping criterion for iterative conditioning, for example allowing for a

tolerance proportional to the measurement error.

While graph cuts have been used in computer graphics to obtain visually appealing textures,
it remained to be seen whether this could translate into a satisfying level of variability of the
models generated. Our tests showed that it is the case, and that graph cuts can be used to
design a patch-based simulation algorithm requiring few parameters that only needs a limited
tuning to achieve good results. The iterative re-simulation can improve a poor initial
simulation caused by suboptimal parameterization. Moreover, the proposed algorithm
provides at least as much variability as pixel-based methods because the patch cutting
procedure generates new patterns. This is confirmed by 3D flow and transport modeling

applied to the generated fields.

The question of patterns diversity is important because it is often difficult to find or to build

training images that are large enough to represent an appropriate diversity of connected
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patterns. Our tests showed that graph cuts generally provides increased patterns diversity
compared to other MPS simulation methods, as well as improved preservation of the
long-range connectivity, which are two essential characteristics when modeling flow and
transport in heterogeneous media. This is explained by the graph cuts continuously generating
new patterns that are not present in the training image. This increases the patterns variability
and improves the chances of obtaining structures that honor the connectivity present in the
training image, even if patterns slightly different than those of the training image have to be
generated through the iterative cut process. At the same time, the iterative generation of

patterns through cuts ensures that verbatim copy does not occur.

Despite the method being iterative, the use of patches and the efficient implementation of
the max-flow/min-cut algorithm allow for a substantial improvement in computational cost
compared to Direct Sampling (10-150 times). This speedup is especially pronounced when
simulating continuous variables. Perhaps more surprising is the fact that Graph Cuts is about 2
times more computationally efficient than IQ, even though the scan of the training image is
done in the same manner. It is found that the difference in CPU time is due to smaller number
of scans of the training image needed because graph cuts can accommodate arbitrary shape
cuts and only requires a single cut for complex overlap. 1Q on the other hand requires several
smaller cuts for each overlap, involving additional scanning of the training image, which is

the most time consuming part of the algorithm.

The proposed method can be further improved. For example, the search for candidate
patches by convolution is time consuming, especially for 3D cases. This step could be further
accelerated by using strategies such as Fourier-based decomposition of the training image
[Tahmasebi et al., 2014], a parallel search method, or by convolving only a part of the

training image. The incorporation of auxiliary variables is also a natural continuation of this
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research, with ongoing work aimed at a multivariate implementation of Conditional Graph

Cuts.
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Figure 7. Figure
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Figure 8. Figure



a) realization with e = 1 b) realization with e = 10 ¢) realization with € = 50
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Figure 9. Figure



a) realization with p =40 b) realization with p = 80 ¢) realization with p = 120




Figure 10. Figure



a) realization witho =5 b) realization with o = 25 ¢) realization with o =45




Figure 11. Figure
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Figure 12. Figure



d) modified realization (p = 40) e¢) modified realization (p = 60) f) modified realization (p = 80)
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Figure 13. Figure
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Figure 14. Figure
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Figure 15. Figure



b) 50 conditioning data

a) training image
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Figure 16. Figure
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Figure 17. Figure



a) DS realization b) IQ realization
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