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Abstract

The sequential geostatistical resampling (SGR) algorithm is a Markov
chain Monte Carlo (MCMC) scheme for sampling from possibly non-Gaussian,
complex spatially-distributed prior models such as geologic facies or categor-
ical fields. In this work, we highlight the limits of standard SGR for poste-
rior inference of high-dimensional categorical fields with realistically complex
likelihood landscapes and benchmark a parallel tempering implementation
(PT-SGR). Our proposed PT-SGR approach is demonstrated using synthetic
(error corrupted) data from steady-state flow and transport experiments in
categorical 7575- and 10,000-dimensional 2D conductivity fields. In both
case studies, every SGR trial gets trapped in a local optima while PT-SGR
maintains an higher diversity in the sampled model states. The advantage of
PT-SGR is most apparent in a inverse transport problem where the posterior
distribution is made bimodal by construction. PT-SGR then converges to-
wards the appropriate data misfit much faster than SGR and partly recovers

the two modes. In contrast, for the same computational resources SGR does
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not fit the data to the appropriate error level and hardly produces a locally
optimal solution that looks visually similar to one of the two reference modes.
Although PT-SGR clearly surpasses SGR in performance, our results also in-
dicate that using a small number (16-24) of temperatures (and thus parallel
cores) may not permit complete sampling of the posterior distribution by
PT-SGR within a reasonable computational time (less than 1-2 weeks).
Keywords: Parallel tempering, sequential geostatistical resampling,

training image, MCMC, multiple-point statistics

1. Introduction

A general Markov chain Monte Carlo (MCMC) simulation strategy based
on sequential geostatistical resampling of spatially-distributed prior mod-
els has recently been introduced in the geosciences to infer the posterior
distribution of subsurface property fields. The approach creates candidate
fields by conditioning a geostatistical field realization from a possibly complex
prior model to a randomly chosen fraction of the current state (and hence
model/field) of the Markov chain. Both parametric (e.g., multi-Gaussian)
and non-parametric prior models can be considered. The multi-Gaussian
prior basically consists of a variogram model that encodes the 2-point statis-
tics to be honored. As of non-Gaussian structures, they can be generated
using a multiple-point statistics (MPS) simulation method. Such algorithms
aim at reproducing not only the 2-point but also higher-order statistics found
in a so-called training image (TT). The TI is a gridded 2D or 3D conceptual
representation of the target spatial field and can be either continuous or cat-

egorical (e.g., geologic facies image). It can either be built from a geologic
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model or from an observed structure (e.g., outcrop).

Various authors have independently introduced the probabilistic sequen-
tial geostatistical resampling (SGR) idea outlined above. The conference
paper by Hansen et al. [13] was probably the first to describe the approach,
considering so-called block updates where a box-shaped randomly located
section of the current model is iteratively resimulated. Almost simultane-
ously, Fu and Gémez-Herndndez [6] proposed a variant of the method that
they termed blocking MCMC (BMCMC), which handles multi-Gaussian con-
ditional simulation only. Shortly after, Mariethoz et al. [23] presented a SGR
algorithm that resimulates a randomly chosen set of pixels/voxels rather than
a contiguous block of pixels/voxels. This approach that was named iterative
spatial resampling (ISR) was coupled with the direct sampling (DS) MPS
algorithm of Mariethoz et al. [24] for resampling of both categorical and con-
tinuous priors. Finally, Hansen et al. [14] applied the approach by Hansen et
al. [13] to more case studies and clarified the theoretical background of SGR,
which they referred to as sequential Gibbs sampling (SGS). Even if all SGR
variants presented above fall under the umbrella of Gibbs sampling theory
[10], it is worth noting that the latter also forms a common framework for
unconditional multi-Gaussian simulation [e.g., 7, 21].

The SGS [13, 14] and ISR [23] variants differ only in the geometry of
the resimulated grid points, which is a box-shaped area for SGS and a set
of points for ISR. For convenience, from here on we will follow Ruggeri et
al. [36] and use the generic name “SGR” for both SGS and ISR. To sample
from a complex prior, SGR can in principle be implemented with any MPS

algorithm. It is however very important that the considered MPS code can
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condition on a large fraction of grid data points (i.e., resimulating only a
small fraction of the model). This is currently achieved only by pixel-based
MPS techniques, for example, the DS and SNESIM [39] algorithms. We
use DS in this study as it possesses good conditioning capabilities and is
memory-efficient and relatively fast.

Ruggeri et al. [36] performed a systematic evaluation of SGR within a
multi-Gaussian framework. They compared a gradual deformation [16] pro-
posal mechanism with point and block SGR updates for a synthetic linear
geophysical inverse problem using a multi-Gaussian prior and different num-
bers of measurements and noise levels. Results by Ruggeri et al. [36] suggest
that the computational cost of producing one independent realization of the
posterior by SGR is often prohibitively large even for relatively simple in-
verse problems. Ruggeri et al. [36] conclude that this finding warrants further
research into model parameter reduction techniques that reduce parameter
dimensionality and thus complexity of the inverse problem. This is in line
with the work by Laloy et al. [20] who proposed a new reduced multi-Gaussian
model parameterization, that is easily coupled with advanced MCMC sam-
pling techniques [e.g., 19, 40, 42]. For training-image based inference of
non-Gaussian/categorical structures, however, reducing the dimensionality
of the parameter field is arguably more difficult. Even though a few model
reduction methods have recently been proposed [17, 22, 41], the conceptual
simplicity and flexibility of SGR remain attractive. To the best of our knowl-
edge, no critical analysis of SGR performance has been proposed so far for
non-multi-Gaussian cases. Only rather simple problems involving either only

9 data points [23] or unrealistically large measurement errors [14, 15] have
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been considered. Using a very limited number of measurement data and/or
large measurement errors makes the likelihood function rather flat and the
posterior target is thus easy to sample. It is unclear at this stage whether
training-image based SGR can handle more complicated problems with more
realistically peaked likelihood functions. Furthermore, the posterior distri-
bution might be multi-modal which, as shown herein, is not easily dealt with
by standard SGR.

Parallel tempering (PT) [4, 5, 11], also called Metropolis-coupled MCMC,
consists of parallel Markov chains that sample unnormalized target posterior
density functions (pdf) raised to different powers, the inverse of which are
called temperatures. The different chains regularly swap their temperatures,
with the hot chains sampling a flattened posterior density landscape while
the unit temperature(s) chain(s) explore(s) the desired distribution. The
hot chains can more easily jump from one basin of attraction of the poste-
rior to another, and this information is shared through swapping with the
cold chain(s) that more intensively explore individual modes. This process
can dramatically improve exploration of multi-modal posterior distributions
while preserving a theoretically consistent sampling [4, 5, 11].

Up to now, application of PT to geosciences problems remains limited.
In the area of reservoir simulation, Mohamed et al. [27] applied PT to the
inversion of the Imperial College fault (ICF) model, considering 3 unknown
model parameters and 10 parallel Markov chains. For this application, PT
was shown to explore much more efficiently the posterior parameter space
than two stochastic optimization algorithms which got stuck within local

optima. The study by Carter and White [3] is also focused on posterior
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exploration of the ICF model, considering from 1 to 13 unknown parame-
ters and using 48 to 64 parallel chains. Carter and White [3] compared a
simple random walk Metropolis (RWM) [26] sampler against the same algo-
rithm equipped with PT for an ICF model with one unknown. This clearly
demonstrated the superiority of PT for sampling the associated multi-modal
posterior parameter distribution. Lastly, Sambridge [37] used as many as 380
parallel chains (and temperatures) to solve a synthetic trans-dimensional (the
number of parameters is unknown) geophysical inverse problem for which the
true model has 13 unknowns. Results by Sambridge [37] show a spectacular
performance improvement by PT in terms of mixing and convergence towards
the target data misfit. The use of PT thus appears to be beneficial not only
for recovering multi-modal posterior distributions, but also for finding the
maximum a posteriori estimate (MAP) of complex unimodal distributions.
To date, PT applications in the geosciences have been concerned with rather
low-dimensional parameter spaces. We hypothesize that PT may be advan-
tageous for posterior inference in high parameter dimensions as well, such as
spatially-distributed subsurface properties. We further suggest that this is
possible even when considering a number of levels in the temperature ladder
that is very small compared to the dimensionality of the parameter space.
For completeness, we note that independently of our work, the idea of cou-
pling PT with SGR also recently appeared as an outlook in the study by
Ruggeri et al. [36].

In this paper, we illustrate the limits of the standard SGR method for
posterior sampling of categorical fields, and benchmark a PT implementa-

tion with respect to both data fitting and diversity of the sampled posterior
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distribution. We refer to the proposed algorithm as PT-SGR for parallel
tempering SGR. In contrast to previous work with PT in the geosciences,
the inverse problems considered herein are quite high-dimensional (7575 to
10,000 sampled parameters). Moreover, only a relatively limited amount of
parallel chains are used: from 16 to 24. This allows for parallel implementa-
tion on workstation computers or small clusters. Besides PT, we also inves-
tigate which settings of the SGR algorithm achieve the best performance for
categorical field inference. Our proposed PT-SGR approach is demonstrated
using synthetic (error corrupted) data from two flow and transport experi-
ments in categorical 10,000- and 7575-dimensional 2D hydraulic conductivity
fields that represent a channelized aquifer. These inverse problems involve
realistically complex likelihood landscapes, one of which is made bimodal by
construction.

This paper is organized as follows. Section 2 presents the different ele-
ments of our inversion approach. This is followed in section 3 with numerical
experiments which include a performance analysis of SGR for different algo-
rithmic settings, and a benchmarking of PT-SGR against SGR for the same
multi-core computational resources. Section 4 then provides further discus-
sion of the performance and limitations of our method and discusses possible
future developments. Finally, section 5 concludes this paper with a summary

of the most important findings.
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2. Methods

2.1. Bayesian inference

A common stochastic representation of the forward problem is
F(0)=d+e, (1)

where F'(0) is a deterministic, error-free forward model that expresses the
relation between the unknown parameters 0 and the measurement data d =
(dyi,...,dy) € R¥, N > 1, and the noise term e lumps all sources of errors.
In the Bayesian paradigm, parameters in 0 are viewed as random variables
with a posterior pdf, p(0|d), given by
_ p(0)p(d]o)
p(d)
where p (0) denotes the prior distribution of © and L (0|d) = p (d|0) signifies
the likelihood function of ©. The normalization factor p (d) = [p(0)p (d|0) d6

p(0[d) o p(0) L(6]d), (2)

can be obtained from numerical integration over the parameter space so that
p (0|d) is a proper pdf that integrates to unity. The quantity p (d) is generally
difficult to estimate in practice but is not required for parameter inference
when the parameter dimensionality is fixed. In the remainder of this paper,
we will thus focus on the unnormalized density p (6|d)  p(0) L (0]d).

To avoid numerical over- or underflow, it is convenient to work with the
logarithm of L (0|d) (log-likelihood), ¢ (0]d), instead of L (0|d). If we assume
e to be normally distributed, uncorrelated and with known constant variance,
02, the component of £ (0]d) that depends on © can be written as

£(0ld) = 502 S d— F (O Q

i=1

8
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where the F; (0) are the simulated equivalents to the i = 1,--- | N measure-
ment data, d;.

An exact analytical solution of p(0|d) is not available for the type of
inverse problems considered herein. We therefore resort to MCMC simulation
to generate samples from the posterior pdf [see, e.g., 32]. The SGR algorithm
independently developed by Hansen et al. [13, 14] and Mariethoz et al. [23]
is used to approximate the posterior distribution. A detailed description of
this sampling scheme can be found in the cited references and a convergence
proof is given by Hansen et al. [14]. A brief summary of SGR is given in

section 2.2.

2.2. Sequential geostatistical resampling from a training image

For a symmetric proposal distribution, the classical Metropolis acceptance

probability, « (i, j) is given by

i) = 10 (2CILEID),

p(0)L(0d) W
where the function A takes the minimum of the left and right hand side num-
bers. For complex prior models, however, computing p (6) might be difficult
if not impossible. To overcome this limitation, Mosegaard and Tarantola [28]
introduced a different version of the Metropolis algorithm in which the prior
probabilities, p (0), need not to be computed. The approach of Mosegaard
and Tarantola assumes that a generating algorithm, G = ¢ (i, j), exists that
is able to sample from p (0) directly, in such a way that any proposal, 6,

created by perturbation of the current state, 8;, is itself a draw from p (0).

The Metropolis acceptance probability of a move from 0; to 0, can then be
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reduced to

a(i,j) =1A (% Egz’:g;) . (5)
Later called “extended Metropolis” sampler [14], this approach forms the
basis of SGR. After initializing the chain with ©; drawn from p(0), the
latter proceeds in the three following steps to generate a Markov chain. First
a candidate model, 8;, is generated by resimulating a random fraction of
the current state, 0;, according to the prior model distribution. Since the
conditioning points are chosen at random, this mechanism corresponds to a
symmetric proposal distribution, ¢ (7, j), thus honoring the detailed balance
condition: ¢ (i,7) = q(j,17) [see, e.g. 32, for theoretical details about MCMC].
Next, 0, is either accepted or rejected using equation (5). Finally, the chain
either moves to 0, (0,11 = 0;) if the proposal is accepted, or remains at
its current location (0;,7 = 0;) otherwise. Upon convergence of the chain,
the generated model states constitute a set of representative draws from the
posterior pdf.

Priors with complex structures can be handled by using a MPS algorithm
that samples from a prescribed training image, which acts as prior model.
Similarly as Mariethoz et al. [23], we use herein the DS method by Mariethoz
et al. [24] as generating and conditioning algorithm. The selected TI is the
most classical 250 x 250 binary image representing a channelized aquifer

(not shown) that was introduced by Strebelle [39] [see also Figure 4a in 24].

2.3. Parallel tempering sequential geostatistical resampling

In parallel tempering [11, 5, 4], a temperature ladder, T = [T},---,T}]

with Ty =1 < Ty < --- < T, is used to increasingly flatten either the

10
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posterior density

p(0,7]d) o [p(8) L (8]d)]"", (6)
or the likelihood function
p(6,7[d) < p(0)L(0]d)"", (7)

using a so called temperature 7' [12]. When 7" — oo in equation (7), the
tempered distribution p (0, 7'|d) becomes the prior distribution p(0). Con-
versely, p (0,7]|d) becomes the posterior pdf, p (0|d), when 7' = 1. In this
work, p (0) does not need to be calculated explicitly as the MPS algorithm
generates proposals directly from p(6) which is formed by the TI. In this
case, equations (6) and (7) reduce to p (0, T|d) o« L (0]d)"/".

Each tempered chain undergoes two possible moves throughout sampling:
within-chain and between-chain proposals. In our proposed PT-SGR imple-
mentation, the within-chain proposal consists of a standard SGR update
where a random fraction of the current state of the chain is resimulated ac-
cording to the TI. The between-chain proposal consists of a swap of model

states at two temperature levels ¢ and j
[(6:,T5), (85, T5)] — [(8:,T5), (6;,T3)] (8)

where 0; and 0; are the model parameter vectors in chains ¢ and j imme-
diately before the proposed swap. Exchange swap proposals improve the
sampling at two levels. At the beginning of the search, they make it easier
for the unit temperature (7" = 1) chain to access regions of the model space
with high posterior probabilities that are well removed from its current po-
sition. After burn-in, they allow for the unit temperature chain to jump

between multiple peaks of the posterior density landscape.

11
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Using equation (7), the Metropolis acceptance probability, o (i, 7), of an
exchange swap between models 0, and 0; with temperatures 7; and Tj is
given by [12]

L(8,d)""" p(8;) L (8:]d)"" p(85)

as (i,7) =1 T; Nk '
(i, ) N 0,107 (8, L(0:1a)" p (0)

(9)

Canceling the equivalent terms in the numerator and denominator and per-

forming some reorganization leads to

o (i) = 1A [L— , (10)

where the prior distributions p (0;) and p (8;) do not appear, thereby allowing
us to couple PT with SGR.

The temperature swapping (equation (8)) is often restricted to neighbor-
ing temperatures [4], either by considering all pairs of neighbors at once [e.g.,
30] or only one pair at the time [e.g., 38]. Other authors [e.g., 37] instead pro-
posed to randomly swap models independently of their temperature levels.
All these schemes are valid in the sense that the unit temperature chain(s)
will ultimately converge to the proper stationary distribution, provided that
any given temperature is involved in possible exchange with no more than
one other temperature [30] at each proposal step.

A general guideline is that exchange swaps must not happen too fre-
quently such that (1) swapping-induced correlation in the tempered chains is
reduced and (2) the risk for the unit temperature chain(s) to get trapped by
cycling locally within a certain temperature interval is minimized [29, 30, 31].
Nonetheless, it has also been shown that optimal sampling performance is

attained with a relatively high frequency of the exchange swap proposals

12
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[29]. The mean acceptance probability, ag, of a swap move for a given pair
(equation (10)) is recognized to be another important diagnostic of paral-
lel tempering performance. Obviously, an excessively small a, will hamper
exploration by the unit temperature chain. As «, increases, however, the
tempered chains will tend to keep exchanging each other’s models without
creating new configurations, thereby slowing down posterior sampling [29].
Optimal a; values of about 20% [31] and 39% [30] have been proposed under
certain conditions, whereas good sampling performance was found with a «;
value as low as 8% [29].

A pseudo-code of the proposed PT-SGR algorithm is as follows.

13



Algorithm 1 Parallel tempering sequential geostatistical resampling

1:

10:

11:

12:

13:

14:

15:

16:

17:

procedure PT-SGR(T,m,n,psw,methsy ,P) >
T is the temperature ladder of size n (with n even), m is the number of
MCMC iterations, pgy is the probability of performing a swap update
with temperature selection procedure methgy , and P encapsulates the
SGR algorithmic settings (e.g., ¢, ...).
fori=1,---,mdo > Loop over MCMC iterations
for j =1,--- ,n do in parallel > Loop over temperature ladder
p(0,7}]d), + SGRycmc(T}, P) > classical MCMC move
with SGR. The j =1,---,n updates are done in parallel.
end for
if psw > U (0,1) then> Perform a swap update with probability
psw, with U (0,1) indicating an uniform random draw between 0 and 1.
r = SelectPairs(n, methgy, i) > Select pairs of temperatures
for j=1,--- ,n/2do
v=r(2x(j—1)4+1) w=r(2xj) > Propose swapping
of selected pairs of chains, one possible exchange swap per temperature

L(0,d)] 0/ T-1/Te)
a(v,w) < 1A {Q]

L(0,[d)
if « <U(0,1) then > Swap chain temperatures
T, Ty, T,<+1T,
end if
end for
end if
end for

end procedure

14
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As discussed above, there are several options for selecting temperature
pairs at swapping time. Two such options are given below: considering
either randomly located or adjacent temperatures, with each temperature
level involved in one exchange swap. In the case of adjacent temperatures,
the same pairs can of course not be selected every time. When swapping
occurs, the chosen pairs are thus either (1,2),(3,4),--- or (2,3),(4,5),---

depending on whether the iteration number is even or odd [e.g., 30].

Algorithm 2 Selection of temperature indices at swapping time
1: procedure r = SelectPairs(n,methgswy ,1)

2: if methgy = “random” then > Select temperatures randomly
3: r = permute(n) > Create a random permutation of the

temperature indices

4: elself methgy = “adjacent” > Consider all adjacent pairs
5: if mod(i) = 1 then > MCMC iteration number is odd
6: r=|[1,---,n

7: else > MCMC iteration number is even
8: r=1[2---,n—11,n]

9: end if

10: end if

11: end procedure

3. Case studies

3.1. Case study 1: steady-state flow

Our first synthetic case study considers steady-state head data collected

at various locations within a channelized 2D aquifer (Figure la). The 100

15
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x 100 modeling domain lies in the x — y plane with a grid cell size of 1
m. Channels and matrix are assigned hydraulic conductivity values of 1 X
1072 m/s and 1 x 107% m/s, respectively. Steady state groundwater flow is
simulated using MaFloT [18] which is a finite-volume algorithm for 2D flow
and transport in porous media. We assume no flow boundaries at the upper
and lower sides and fixed head boundaries on the left and right sides of the
domain so that a lateral head gradient of 0.025 (-) is imposed, with water
flow in the x-direction. A pumping well extracting 0.003 m?/s is located at
the center of the domain. Simulated heads are collected at 49 locations that
are regularly spread over the domain (Figure la-b). These data were then
corrupted with a Gaussian white noise using a standard deviation of 0.01 m,
leading to a root-mean-square-error (RMSE) of 0.01 m for the measurement
data (Figure 1c). This translates into a reference log-likelihood (component

that depends on 0), ¢(0|d), of -24.5.

3.2. DS settings for case study 1

The parameters of the DS simulation used for case study 1 are a neigh-
borhood made of 50 nodes and a distance threshold set to 0.05. This means
that for any simulated node, the data event (pattern) made of the 50 closest
neighbors is considered, and up to only 2 mismatching nodes are allowed [see

24, for details|. The maximum scanned fraction of the TT is set to 0.9.

3.3. SGR settings

Apart from the employed MPS algorithm, important SGR algorithmic
settings are (1) the type of conditioning, that is, whether the pixels to res-
imulate are defined by a set of points that are distributed throughout the

16
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model domain or if they all belong to a box-shaped area, and (2) the size
of the randomly located model fraction that is resimulated, ¢. The latter
can be fixed beforehand, adapted during burn-in of the MCMC sampling or
drawn randomly from a certain probability distribution. All of these three
options are explored in this study. In this section, we study the sampling
performance achieved by conditioning on points (S1), or on all the points
outside a square block (S2) for different sizes of ¢. For S1, the six following
fractions were considered: 0.995, 0.99, 0.95, 0.75, 0.5 and 0.25. As of S2,
¢ was set to 0.5, 0.25, 0.1 and 0.05. For each combination of settings, the
setup of case study 1 (section 3.1) was used to perform 4 different MCMC
trials for a total of 5000 forward model runs. In this and all other MCMC
experiments conducted in this study, we initialized each Markov chain by
randomly sampling p (0).

Figure 2 displays the resulting sampled root-mean-square error (RMSE)
trajectories and mean acceptance rate (AR) of the MCMC. Averages of the
4 trials are presented. Clearly, resimulating a box-shaped area (S2) shows
a superior performance with respect to data fitting. As expected, the AR
decreases with ¢ for both S1 and S2. Large resimulated fractions induce
low AR values, below 1 or 2% (¢s1 = 0.995 to ¢g; = 0.5 and ¢so = 0.5 and
¢s2 = 0.25). Such small AR values characterize a prohibitively slow evolution
of the MCMC chain.

Based on the above findings, we decided to use the resimulation strategy
S2 in all of the following tests. Since the optimal value of ¢ is likely to
depend on the problem at hand, in the remainder of this paper and unless

stated otherwise ¢go is tuned online to try to reach an AR value of 20%

17



355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

during the first 10% of the MCMC iterations. The motivation for this target
value is based on the fact that an AR of about 23% is considered optimal for
Gaussian proposal and target distributions whereas an AR in the range 10%

- 50% is generally recommended [33, 34].

3.4. Parallel tempering settings

For the case studies considered in this paper, limited testing with the
different swapping strategies described in section 2.3 showed no overwhelming
advantage of any specific strategy. Nevertheless, randomly proposing to swap
model states after every regular within-chain MCMC update appeared to
be the most robust and efficient approach. We therefore do so for all of
our numerical experiments. With respect to the ay values of the individual
tempered chains, we use a common loglinear temperature ladder [3, 35] with
maximum level such that ay is (almost) always comprised between 5% and
30%. The rationale behind a loglinear scale is that a pair of neighboring cool
chains (T" = 1 or slightly higher) likely needs a smaller temperature difference
for an exchange swap to be accepted compared to a pair of hotter chains.
Other settings that perform better may very well exist, the quest for which
is beyond the scope of this study.

3.5. Convergence of the Markov chain Monte Carlo simulation

The use of multiple (unit temperature) Markov chains makes it possible
to use of the potential scale reduction factor, R [9], for monitoring conver-
gence of the MCMC sampling. The R statistic compares for each parameter
of interest the average within-chain variance to the variance of all the chains

mixed together. The closer the values of these two variances, the closer to
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unity the value of R. Values of R smaller than 1.2 are commonly deemed
to indicate convergence to a limiting distribution. In principle, R offers a
stronger convergence assessment than merely considering the moment when
the sampled (log-)likelihood (and thus RMSE) values reach an equilibrium.
The latter indeed signifies only that the posterior distribution has been lo-
cated, whereas the former aims at evaluating whether it has been adequately
explored. For example, in the study by Laloy et al. [see 20] it was found
that 25 times more MCMC steps where needed to appropriately explore a
1000-dimensional posterior than to start sampling it. For the considered case
studies and computational budgets, our simulation results indicate that R-
convergence is never achieved by SGR, no matter whether computed on the
basis of 3 (randomly chosen) chains or all of the 16 (case study 1) or 24 (case
study 2) independent trials. Unfortunately, the R statistic is not well suited
for monitoring convergence of several unit temperature chains within a given
tempered ensemble. Indeed, running PT-SGR for case study 1 with 3 out of
the 16 temperatures set to 1 results in an exaggeratedly fast Ji’—convergence
(not shown). The 10,000 individual R values may even jointly fall below 1.2
after less iterations than required for the unit chains to sample the appro-
priate likelihood values. The reason for this is that the swapping dynamics
causes large correlations between states/models of neighboring cool chains.
The within-chain variances thus become similar enough for R to be satis-
fied prematurely. We therefore refrain from using the R diagnostic. Instead
we simply resort to the point in time when (log-)likelihood values start to
fluctuate around a constant level to define burn-in. From this moment on

our algorithm starts drawing posterior samples. One must bear in mind,
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however, that given the large dimensionality of the considered problems, it
is evident that the posterior target is not fully explored within our limited
computational budget (10,000 to 25,000 MCMC iterations) and we do not
claim to do so. By a convenient abuse of terminology, we nevertheless refer

to the resulting set of posterior samples as the “posterior distribution”.

3.6. Inversion results for case study 1

For this case study, a total of 10,000 MCMC iterations is allowed for
both SGR and PT-SGR. For a classical single-chain SGR trial, this trans-
lates into 10,000 forward model evaluations. The PT-SGR algorithm with
n temperature levels is best run with parallel calculation of both the n DS
simulations and n forward model evaluations performed per MCMC itera-
tion. This roughly leads to a similar CPU-time per MCMC iteration (from
5 to 10 s herein) between SGR and PT-SGR. One must note, however, that
some minor additional computational time is needed for PT-SGR due to
communication overhead, the extent of which depends on hardware- and
software-specific details. Here PT-SGR is ran on a multi-core platform, with
n = 16. A loglinear temperature ladder was selected between unity and a
maximum temperature of 6, together with a single unit temperature chain.

Figure 3a depicts the sampled negative log-likelihood (—¢ (8|d)) trajec-
tories for the unit temperature PT-SGR chain and the 16 independent SGR
trials. It is observed that the PT-SGR trial samples appropriate mean RMSE
values after some 1250 iterations. In contrast, the basic SGR algorithm shows
a large spread of trajectories. Overall, the PT-SGR chain converges towards
the reference data misfit at least as fast as the fastest of the 16 SGR chains.
It also takes about 8000 MCMC iterations for the mean of the 16 SGR tri-
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als to reach the target RMSE value (not shown). For this particular run,
this leads to a 6 times speed-up of PT-SGR. Limited additional testing with
PT-SGR confirmed (I) a similar data fitting efficiency of PT-SGR to that of
the best performing SGR trial and (II) a 5-8 times speedup of PT-SGR for
locating the posterior compared to the mean SGR behavior. This speedup is
accomplished by the (random) mixing across the whole temperature ladder
(Figure 3b). Across the tempered PT-SGR chains, the AR associated with
the regular and swap moves, o and ay, are 24% (with range of 19% - 26%)
and 19% (with range of 6% - 24%), respectively.

The posterior distribution sampled by PT-SGR is illustrated in Figure 4
that shows the reference field together with the posterior mean and 7 suc-
cessive posterior realizations from the unit temperature chain. The posterior
mean in Figure 4 resembles the true model (Figure 1a) relatively well and
the derived posterior uncertainty is rather small (compare realizations c -
i in Figure 4). With respect to SGR, each of the 16 sampling runs turns
out to remain in a specific region of the model space, as depicted by Figure
5. Indeed, the variability within the individual Markov chains is quite lim-
ited: models sampled more than 8500 iterations apart look very similar both
to each other and to the chain average. Though also limited, the variabil-
ity sampled by the (unit temperature) PT-SGR chain is nevertheless larger
than for any given SGR trial. This is confirmed by the mean autocorrelation
functions (ACF) calculated for the two tested algorithms (Figure 6): the
ACF of PT-SGR drops much more rapidly than that of SGR, and stabilizes
around a 1.6 times smaller value: 0.33 against 0.54 for SGR. The stabiliza-

tion around a value larger than zero is caused by the fact that some specific
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binary grid elements never change of value throughout the considered set
of MCMC draws. Label switching for these grid elements is proposed but
the resulting models have always too low likelihood to be accepted by the
Markov chain. An ACF value of 1 is thus assigned to these grid elements
which influences the mean ACF. Herein 33% of the 10,000 grid elements have
not been updated for PT-SGR, against up to 54% for SGR.

The above results show that for case study 1, running PT-SGR with 16
parallel chains is a better option than running 16 independent SGR. chains.
For the CPU budget needed by PT-SGR to start sampling the posterior,
most of the SGR chains are still exploring parts of the prior that do not
belong to the posterior (Figure 3a). Indeed, it requires about 6 times more
computational time for the 16 SGR chains to jointly sample the posterior.
As of posterior diversity, each SGR trial gets trapped in a small region of
the posterior model space (Figure 5). The situation is arguably better for
PT-SGR (see Figures 4 and 6) even though it is far from having explored the

full posterior range.

3.7. Case study 2: tracer experiment

Our second case study uses simulated tracer breakthrough curves at dif-
ferent wells as measurement data. The modeling domain is 75 x 101 and
is located in the x — y plane with a grid cell size of 1 m. Channels and
matrix are again assigned hydraulic conductivity values of 1 x 1072 m/s and
1 x 107* m/s, respectively. Steady state groundwater flow and conservative
transport are both simulated using MaFloT. No-flow boundaries are assumed
at the left and right sides, and fixed head boundaries on the upper and lower
sides of the domain. These fixed heads are set to 0 m at both sides, and 11
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pumping wells individually extracting 0.0005 m?/s of water are spaced 7 m
apart along the horizontal line located at equal distance from the top and
bottom sides (Figure 7a). The facies values at the 11 wells are assumed to be
known exactly and serve for direct conditioning. A conservative tracer with
concentration of 1 kg m~3 is applied within 8 model cells of the top and bot-
tom boundaries using a step function. The x-y coordinates of these cells are
(14,1), (30,1), (46,1), (62,1), (14,101), (30,101), (46,101), and (62,101) (Fig-
ure 7a). The background solute concentration is assumed to be 0.01 kg m™3.
Ignoring density effects, conservative transport of the tracer through the sub-
surface is simulated using open boundaries on all sides, and longitudinal and
transverse dispersivities both set to 0.1 m. Solute transport was monitored
during a period of 10 days with concentration measurements made every 8
hours in the 11 extraction wells, resulting into a total of 330 observations.
These simulated data were then corrupted with a Gaussian white noise using
a standard deviation equivalent to 3% of the mean observed concentration.
This led to root-mean-square-error (RMSE) and log-likelihood (¢ (0|d)) of
0.0030 kg m™3 and -165, respectively, for the measurement data (Figure 7c).

This setup has the attractive feature of causing the posterior facies dis-
tribution to include two distinct modes with equal probability. Indeed, the
reference field of Figure 7a and its mirrored image shown in Figure 7b both
lead to the exact same simulated concentration data and thus likelihood
function value. We thus consider this rather challenging case study to be
especially instructive as the posterior target is known to present (at least)

two separate modes.
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3.8. DS settings for case study 2

The parameters of the DS simulation used for case study 2 are a neigh-
borhood made of 75 nodes, a distance threshold of 0.01 and a maximum

scanned fraction of the TI of 0.9.

3.9. Inversion results for case study 2

A total of 25,000 MCMC iterations is used for this case study. The
PT-SGR algortihm is again run on a multi-core machine with n = 24 and
the computational cost incurred by 1 MCMC iteration is in the range of
20-30 s for this workstation. A loglinear temperature ladder between unity
and a maximum temperature of 2 is selected together with a single unit
temperature chain. Using such a small maximum temperature was needed
given the trade-off between the number of available parallel cores and the
complexity of the (log-)likelihood landscape. For instance, the peakier the
likelihood function, the smaller the temperature intervals need to be for a; to
be significantly larger than zero. With 24 temperature levels, using a larger
maximum temperature than 2 essentially results in a frequency of accepted
swaps that is impractically low. In addition, the update mechanism of ¢ that
is described in section 3.3 was slightly modified in an attempt to generate
more diverse proposals while keeping the acceptance rate of regular MCMC
moves reasonably high. Rather than a tuned constant resimulation block size,
¢ was taken as the (adapted) mean of a triangular pdf bounded between 0.01
and 0.25 from which the actual size of the block to be resimulated was drawn.
This was similarly done for both SGR and PT-SGR.

The sampled —/¢(0|d) trajectories for the unit temperature PT-SGR
chain and the 24 independent SGR trials are presented in Figure 8a. The
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PT-SGR unit chain evolves towards the reference —¢ (0|d) value much faster
than the fastest of the SGR trials. Furthermore, the spread of the SGR tra-
jectories is rather large. After 25,000 iterations, only 4 trials are sampling
—/£(0]d) values in the range sampled by PT-SGR and 5 trials are still ex-
ploring areas associated with twice as large —¢(0|d) values. Equation (5)
can be used to calculate the probability of a direct jump from the reference
model to the most likely model found by PT-SGR on the one hand, and the
most likely model among the 24 SGR chains on the other hand. Doing so
reveals that the most likely model sampled by PT-SGR is more than 1 x 107
times more likely than that of SGR. The PT-SGR algorithm thus clearly
outperforms SGR for this case study.

Even if PT-SGR surpasses SGR, it is evident that the unit temperature
PT-SGR chain fluctuates around a slightly larger —¢(0]d) value than the
reference value of -165. In fact, for iterations 10,000-25,000 the mean sampled
—£(0]d) value by PT-SGR exceeds the reference value of 165 by 9% and
the sampled range actually never contains it (Figure 8a). This means that
the samples produced by PT-SGR are not representative of the posterior
distribution. That said, this inverse problem is much more difficult to solve
than for case study 1 (see section 3.6). This is because (I) the large amount of
good quality (moderately corrupted) measurements (330) causes the two well
separated (log-) likelihood modes to be more peaky, and (II) using transport
data induces a more nonlinear relationship between model (parameters) and
(log-) likelihood than using steady-state head data.

The AR associated with the PT-SGR chains are lower than for case study

1 but still acceptable: across the whole temperature ladder, o and «, are
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8% (with range of 7% - 9%) and 14% (with range of 6% - 20%), respectively.
The corresponding swap exchange dynamics looks visually good from itera-
tion 10,000 onwards (Figure 8b). The PT-SGR unit temperature chain does
however not mix well. Indeed, the chain basically cycles over the (nearly)
same 6-7 models during the last 15,000 MCMC iterations (Figure 9). The
reason for this is likely twofold. First, the maximum temperature of 2 does
not flatten the likelihood enough for sufficient exploration by the hot chains.
Second and most important, for this rather complex likelihood landscape
the exchange swaps appear to be mostly performed in cycles between a few
neighboring temperature levels with colder (hotter) samples almost never
traveling to the highest (lowest) levels (not shown). The only way to solve
this problem would therefore be to use a ladder with a much larger number
of levels and a wider temperature range.

As depicted in Figure 9, the two reference modes (Figures 7ab) are very
roughly recovered by the PT-SGR trial. Furthermore, the “left” reference
mode (Figure 7a) appears to be better identified (compare Figure 2a with
Figures 9c,d,f, and i). This finding is fairly positive given the relatively
limited computational budget and the use of a small temperature ladder in
regard to the problem dimensionality. Perhaps not surprisingly, the SGR
performance is substantially worse. Here every independent chain is clearly
trapped in one local optimum, which always has a larger data misfit than
the reference RMSE of 0.0030 kg/m~2 (Figure 10). Visual inspection of the
final states of the 24 SGR trials also shows that almost none of the model
realizations looks similar to any of the two reference modes (see Figure 10 for

three such examples). In average over the 24 trials, only 9% of the simulated
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pixels present a different facies between iterations 10,000 and 25,000. As
a result, the mean ACF of SGR takes a value as high as 0.82 at lag 5000
(Figure 11). With an ACF value of 0.13, PT-SGR produces 6 times less
autocorrelated samples at lag 5000 (Figure 11).

4. Discussion

Our results demonstrate that the standard SGR approach cannot cope
efficiently with situations where the measurement data are collected at a
relatively high spatial and/or temporal density. Standard SGR has however
been shown to work for a data-poor situation, where the information content
of the data does not constrain much the facies distribution and the posterior
uncertainty is thus quite large [e.g., 23].

Parallel tempering improves the SGR performance. Sampling of the com-
plicated bimodal posterior distribution of case study 2 is hence much im-
proved by parallel tempering, but not to the point of drawing samples from
the correct stationary distribution within the allowed computing time and
when using 24 temperatures (and thus parallel cores). Significantly increas-
ing the number of temperatures, say by a factor 10, is expected to strongly
enhance posterior sampling. Our future work will focus on two alternatives to
simply increasing the available computing power. First, parallel tempering
could be coupled with Wang-Landau (WL) sampling [2] for better explo-
ration capabilities. The main principle of WL sampling is to adaptively bias
the Metropolis acceptance probability in order to sample a flat histogram of
posterior density values with pre-defined bins. The derived histogram thus

contains an approximately equal amount of samples for each class of density
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value, and these samples can then be reused to approximate the posterior
distribution (e.g., via importance sampling or by seeding a new MCMC run).
The method might however not help with the observed problem of sampling
slightly too large (log-)likelihoods, and thus a wrong stationary distribution.
Second and perhaps more promising is the use of a more informal ensemble-
based multiscale approach. The latter would consist in sequentially solving
the inference problem from an upscaled coarser scale to the finer scale of
interest, in the spirit of the work by Gardet et al. [8] for the multi-Gaussian
case. The underlying idea is that the (upscaled) parameter space can be
scanned quickly using a coarse resolution, thereby allowing for the subse-
quent finer scale searches to concentrate on the most productive parts of the
prior distribution. Starting from different random points would then even-
tually provide an ensemble of solutions that (informally) approximate the
posterior target.

On a more practical level, the rationale for our DS settings deserves spe-
cial attention. A neighborhood of 50 (case study 1) or 75 (case study 2) nodes
may seem large [25] as the DS simulation time increases with the number
of neighboring nodes. Nevertheless, using such large values was necessary to
minimize the occurrence of artifacts in the generated models, which is caused
by repeatedly conditioning on a large amount of grid points throughout the
MCMC sampling. Combined with a large fraction of conditioning data (say
> 50% of the image), a small neighborhood can sometimes result in model
proposals that are somewhat degraded compared to the TI. It is indeed the
restricted neighborhood size that gives freedom to the DS to produce struc-

tures that are different than those found in the TI. Also, all it takes for a
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slightly degraded model to appear in the Markov chain is for the Metropolis
rule (equation 5) to accept it. In other words, even if a model proposal with
some artifacts is only rarely proposed, this model can persist in the Markov
chain if the associated simulated data fit the observations sufficiently well.
Even with the employed neighborhood of 50 nodes for case study 1 (see sec-
tion 3.2), trials ¢g; = 0.5 and ¢g; = 0.75 of section 3.3 nevertheless showed
artifacts in the proposed models, typically manifested by overly broad chan-
nels (not shown). To a lesser extent, other artifacts such as isolated patches
and broken channels also occurred for trials ¢go = 0.9 and ¢go = 0.95 (not
shown). The used distance threshold of 0.01 for case study 2 (see section
3.8) also incurs a larger computational cost than that of using the more com-
mon value of 0.05 [e.g., 23]. The value of 0.01 turned out to be required to
(almost) systematically honor the point measurement data (see section 3.7).

Finally, it would be interesting to investigate the performance of parallel
tempering when used in conjunction with the patch-based geostatistical res-
imulation algorithm by Zahner et al. [43] which uses graph cuts. This method
has been shown to be 40 times faster than DS for generating a 2D model,
with a resulting posterior distribution that is (at least) of similar quality as

that obtained by using DS.

5. Conclusion

This study is concerned with the application of sequential geostatistical
resampling (SGR) to high-dimensional categorical field inference problems
that present realistically complex likelihood functions. We highlight the lim-

itations of the classical SGR approach and propose a parallel tempering im-
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plementation that, for a similar multi-core computing budget, provides much
improved results with respect to both convergence towards the appropriate
data misfit and sampling diversity. Two synthetic case studies are consid-
ered: a steady-state flow and a transport inverse problem, involving from
7501 to 10,000 unknowns. For the transport problem, the corresponding like-
lihood function is made bimodal with two well separated modes. In both case
studies, every SGR MCMC chain gets trapped in a local optima while par-
allel tempering within sequential geostatistical resampling (PT-SGR) does
not. The advantage of PT-SGR becomes more apparent for the bimodal
inverse transport problem, for which PT-SGR is found to converge towards
the reference data misfit much faster that SGR and to indicate the existence
of two posterior modes. In contrast, for the same computational resources
SGR appears to be barely able to appropriately fit the data and does al-
most not produce any single solution that looks visually similar to one of the
two reference modes. Although PT-SGR outperforms SGR, our results also
demonstrate that using a reasonably small number of temperatures (and thus
parallel cores) in the range 16-24 may not allow sampling of the posterior
distribution by PT-SGR within an affordable computational time. As an
alternative to significantly increasing the number of temperatures and thus
computational needs, coupling PT-SGR with Wang-Landau sampling and
(2) reframing SGR within an ensemble-based multiscale optimization frame-
work are two potentially useful approaches that will be investigated in future
work. More generally, PT could also prove useful when used in conjunction

with dimensionality reduction approaches.
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Figure 1: (a) Reference categorical field, (b) associated heads and (c) noise-corrupted

measurement data used for case study 1. In subfigures a and b, the blue circle marks the

location of the pumping well and the red crosses indicate piezometers.
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Figure 2: Trace plot of the mean sampled RMSE values across 4 repetitions for the tested

conditioning strategies. Solid and dashed colored lines denote resimulating a set of points

(S1) and a box-shaped area (S2), respectively. Each color represents a given size of the

(randomly located) model fraction that is resimulated. The dashed black line signifies the

true RMSE.
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Figure 3: (a) Trace plot of the sampled negative log-likelihood values by the unit temper-
ature chain evolved by PT-SGR (blue line) and the 16 independent SGR trials (red lines)
for case study 1. The green line denotes the mean trajectory of the 16 SGR trials. (b)
Trace plot of the sampled negative log-likelihood values by the 16 PT-SGR chains with
each temperature coded with a different color. The temperature increases as the color
varies from dark blue (temperature index of 1) to dark red (temperature index of 6). In
both subfigures, the horizontal dashed black line denotes the true negative log-likelihood
of 24.5, corresponding to a RMSE of 0.01 m.
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Figure 4: Posterior mean and 8 successive posterior realizations taken at regular intervals
throughout sampling for the PT-SGR trial of case study 1. The posterior mean is computed
on the basis of the samples produced by the unit temperature chains after a burn-in of 1500
MCMC iterations and using a thinning factdtof 50, thus leading to a total of 170 posterior

samples. The red number in the lower left corner of each plot is the corresponding RMSE

(m).
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Figure 5: Mean sampled model over MCMC iterations 1500-10,000 (using a thinning
factor of 50), and sampled models after 1500 and 9900 MCMC iterations for 3 out of the
16 independent SGR chains and case study 1. The red number in the lower left corner of

each plot is the corresponding RMSE (m). 42
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Figure 6: Mean autocorrelation function (ACF) of the 10,000 conductivity grid values
derived from PT-SGR (blue line) or SGR (red line) for lags 0-2500 and case study 1.
The lag-k autocorrelation is defined as the correlation between draws k lags apart. Listed
statistics are computed for the last 8500 iterations of the unit temperature chain of PT-
SGR or the 16 independent SGR chains, using a thinning factor of 50 thereby leading to
a set of 170 sampled models for each chain. For SGR, the average of the 16 chains is

presented.
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Figure 7: (a) Reference categorical field, (b) associated symmetric (mirrored) field and (c)
noise-corrupted measurement data used for our second synthetic case study. In subfigures
a and b, the red squares denote the application points of the tracer and the blue circles

mark the locations of the pumping wells where concentrations are monitored.

44



- Log Likelihood

- Log Likelihood

600

500

400

300

200
165

600

500

400

300

200

(@
SGR trials

—— R
e v

]

ST

Wil

MCMC iteration

Figure 8: (a) Trace plot of the sampled negative log-likelihood values by the unit temper-
ature chain evolved by PT-SGR (blue line) and the 24 independent SGR trials (red lines)
for case study 2. The green line denotes the mean trajectory of the 24 SGR trials. (b)
Trace plot of the sampled negative log-likelihood values by the 24 PT-SGR chains with
each temperature coded with a different color. The temperature increases as the color
varies from dark blue (temperature index of 1) to dark red (temperature index of 2). In
both subfigures, the horizontal dashed black line denotes the true negative log-likelihood
of 165, corresponding to a RMSE of 0.003 kg/m~3.
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Figure 9: Mean and 8 successive model realizations taken at regular intervals throughout
sampling for the PT-SGR trial of case study 2. The sample mean is computed on the basis
of the samples produced by the unit temperature chains over iterations 10,000-25,000 and
using a thinning factor of 50, thus leading 92 total of 300 samples. The red number in
the lower left corner of each plot is the corresponding RMSE (m).
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Figure 10: Mean sampled model over MCMC iterations 10,000-25,000 (using a thinning
factor of 50), and sampled models after 10,000 and 25,000 MCMC iterations for 3 out of
the 24 independent SGR chains and case study 2. The red number in the lower left corner

of each plot is the corresponding RMSE (méE7
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Figure 11: Mean autocorrelation function (ACF) of the 7575 conductivity grid values
derived from PT-SGR (blue line) or SGR (red line) for lags 0-5000 and case study 1.
The lag-k autocorrelation is defined as the correlation between draws k lags apart. Listed
statistics are computed for the last 15,000 iterations of the unit temperature chain of PT-
SGR or the 24 independent SGR chains, using a thinning factor of 50 thereby leading to
a set of 300 sampled models for each chain. For SGR, the average of the 24 chains is

presented.
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