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ABSTRACT 

Crosshole radar tomography is a useful tool for mapping shallow subsurface electrical 

properties viz. dielectric permittivity and electrical conductivity. Common practice is to invert 

crosshole radar data with ray-based tomographic algorithms using first arrival traveltimes and 

first cycle amplitudes. However, the resolution of conventional standard ray-based inversion 

schemes for crosshole ground penetrating radar (GPR) is limited because only a fraction of 

the information contained in the radar data is used. The resolution can be improved 

significantly by using a full-waveform inversion that considers the entire waveform, or 

significant parts thereof. A recently developed 2-D time-domain vectorial full-waveform 

crosshole radar inversion code has been modified in the present study by allowing optimized 

acquisition setups that reduce the acquisition time and computational costs significantly. This 

is achieved by minimizing the number of transmitter points and maximizing the number of 

receiver positions. The improved algorithm was employed to invert crosshole GPR data 

acquired within a gravel aquifer (4 - 10 m depth) in the Thur valley, Switzerland. The 

simulated traces of the final model obtained by the full-waveform inversion fit the observed 

traces very well in the lower part of the section and reasonably well in the upper part of the 

section. Compared to the ray-based inversion, the results from the full-waveform inversion 

show significantly higher resolution images. At either side, 2.5 m distance away from the 

crosshole plane, borehole logs were acquired. There is a good correspondence between the 

conductivity tomograms and the Natural Gamma logs at the boundary of the gravel layer and 

the underlying lacustrine clay deposits. Using existing petrophysical models, the inversion 

results and Neutron-Neutron logs are converted to porosity. Without any additional 

calibration, the values obtained for the converted Neutron-Neutron logs and permittivity 

results are very close and similar vertical variations can be observed. The full-waveform 

inversion provides in both cases additional information about the subsurface. Due to the 

presence of the water table, and associated refracted/reflected waves, the upper traces are not 

well fitted and the upper 2 m in the permittivity and conductivity tomograms are not reliably 

reconstructed because the unsaturated zone is not incorporated into the inversion domain.  

A.1 INTRODUCTION 

Crosshole radar tomography is a useful tool for mapping shallow subsurface electrical 

properties, such as dielectric permittivity (ε) and electrical conductivity (σ), in connection 

with assorted geological, hydrological and engineering investigations. These parameters are 
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closely linked with important hydrogeological parameters like salinity, water content, porosity 

and pore structure, clay content, and lithological variations [Archie, 1942; Topp et al., 1980; 

al Hagrey and Müller, 2000; Barrash and Clemo, 2002; Garambois et al., 2002; Linde et al., 

2006a; Turesson, 2006]. Crosshole radar surveying entails the generation of high-frequency 

electromagnetic pulses from a dipole-type antenna which is sequentially positioned at a 

number of locations along a borehole. The resulting transmitted and scattered waves are 

detected (and subsequently recorded) by means of a dipole antenna which is progressively 

moved to a number of discrete locations in a second borehole. The center frequency of most 

borehole antennas for GPR lies in the range 20-250 MHz (dominant wavelengths of 5-0.4 m) 

for common geologic materials. 

A number of studies have estimated hydrogeological parameters by inverting crosshole 

ground penetrating radar (GPR) data using ray-based inversion schemes, similar to that 

described by Holliger et al. [2001]. For example, Tronicke et al. [2002] examined the 

integration of surface GPR and crosshole radar tomography on braided stream deposits while 

Binley et al. [2002b; 2002a] and Winship et al. [2006] used crosshole GPR to monitor 

moisture content changes arising from tracer experiments. Linde et al. [2006a] were able to 

improve hydrogeological characterization by using a joint inversion of crosshole electrical 

resistance and (GPR) traveltime data. Looms et al. [2008] monitored unsaturated flow and 

transport by using cross-borehole GPR and electrical resistance tomography (ERT). These 

traditional tomographic inversions of crosshole GPR data use separate inversions of 

traveltimes and maximum first cycle amplitudes based on ray theory and provide velocity and 

attenuation images of the subsurface that can be transformed into electromagnetic permittivity 

and electrical conductivity. Radar tomography based on ray theory provides only limited 

resolution and can account for just a small fraction of the information in the traces, such that 

small targets (smaller than the dominant wavelength) cannot be satisfactorily detected and 

imaged. By contrast, full-waveform inversion not only takes into account the arrival-times 

and first cycle amplitudes, but considers the entire waveforms (or at least the first few cycles) 

which include secondary events like forward scattered and refracted waves. Therefore, full-

waveform inversions provide higher resolution images and can thus yield more detailed 

information for a wide range of applications.  

Waveform-based inversion schemes were first developed in seismic exploration subject to 

the acoustic (P-wave only) approximation [Tarantola, 1984a; b; 1986] and later modified for 

elastic (P + S) wave propagation [Mora, 1987]. Following these early developments, several 
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inversion methods were developed and applied to seismic data for surface and/or borehole 

measurements. The methods have been adapted to the acoustic-, elastic-, viscoelastic-, and 

anisotropic-wave equations in both the time and frequency domain, using finite-difference 

and finite-element approaches to solve the forward problem i.e. to generate the synthetic 

seismograms [e.g., Bing and Greenhalgh, 1998a; b; Pratt, 1999; Pratt and Shipp, 1999; Zhou 

and Greenhalgh, 2003; Watanabe et al., 2004]. Full-waveform seismic inversion is 

extensively discussed in the November 2008 issue of the journal Geophysical Prospecting and 

contains numerous other references. Comparable efforts for the full-waveform inversion of 

GPR data have been limited to just a few papers [Ernst, 2007; Ernst et al., 2007b; Ernst et al., 

2007a; Kuroda et al., 2007; Meles et al., 2010]. Ernst et al. [2007a] developed a full-

waveform scalar inversion scheme for electromagnetic waves for crosshole GPR data based 

on the 2-D finite difference time domain solution of Maxwell's Equations using generalized 

perfectly matched layers (GPML) to reduce artifacts from reflections at the boundaries and 

edges of the model space. This scheme was tested on synthetic and observed crosshole data 

[Ernst et al., 2007b]. It was shown that this algorithm provides higher resolution permittivity 

and conductivity images of the subsurface than conventional ray-based techniques. Similar to 

Ernst et al. [2007b], Kuroda et al. [2007] applied a full-waveform inversion algorithm to 

synthetic crosshole radar data. Meles et al. [2010] improved the method of Ernst et al. 

[2007b; 2007a] by including the vector properties of the electric field, which enabled 

extension of the algorithm to incorporate surface-to-borehole measurements, in addition to 

crosshole measurements. Furthermore, the permittivity and conductivity parameters were 

simultaneously updated, which proved to be superior to the sequential (cascaded) update 

approach of Ernst et al. [2007a]. 

In this work we apply the approach described in Meles et al. [2010] to invert a crosshole 

GPR data set acquired within a gravel aquifer in northern Switzerland (Chapter 2). First, we 

give an overview of the full-waveform inversion algorithm. Then, we discuss the borehole 

setup and measurements, followed by our data analysis procedures. Finally, the reliability of 

the inversion results is investigated by comparisons with borehole logging data. 

A.2 FULL-WAVEFORM INVERSION METHODOLOGY 

The workflow of the full-waveform inversion scheme which uses a simultaneous updating 

of permittivity and conductivity is shown in Figure C1. First, we describe the pre-processing 
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followed by the source wavelet estimation. Then we discuss the inversion algorithm and 

implementation details.  

A.2.1 Pre-Processing 

Initially, the data are band-pass filtered to remove noise outside the source spectrum 

(Figure C1, step A). A good initial model is required for the full-waveform inversion 

algorithm to converge to the global minimum. Otherwise it may get trapped in a local 

minimum. The starting model is typically obtained by standard ray-based inversion 

techniques. First-arrival traveltimes and first-cycle amplitude are used for the ray-based 

inversion to obtain velocity and attenuation tomograms of the subsurface which are then 

transformed into permittivity and conductivity distributions (Figure C1, step B). 

To apply the 2-D-full-waveform inversion algorithm to real data it is necessary to account 

for the 3-D radiation characteristics of electromagnetic wave propagation. Similar to Ernst et 

al. [2007b] we apply a 3-D to 2-D transformation technique developed by Bleistein [1986] to 

compensate for differences in geometrical spreading and pulse shape (frequency scaling and 

phase shifting; Figure C1, step C). 

 

 

Figure C1. Full-waveform inversion workflow showing the three main parts: pre-processing, source wavelet 
estimation and full-waveform inversion. The arrow indicates that these steps should be repeated 
until the misfit between the observed and synthetic data between iterative steps is below 1%. 

A - Filter out noise

B - Ray-based inversion and
define start model for FWI

C - 3D to 2D conversion

D - Estimate source wavelet with horizontal
rays (more details in Part A Fig. 3)

E - Determine effective source wavlet
(more details in Part B, Fig .3)

F - Compute synthetic wavefield

G - Estimate residual wavefield

H - Estimate back-propagated
residual wavefield

J - Calculate update
directions for inversion

K - Estimate step-lengths

L - Update and with
gradient and step-length
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A.2.2 Source wavelet estimation 

The source wavelet estimation (Figure C1, steps D and E) is a critical step in the 

inversion. Only through obtaining an effective source wavelet is it possible to match the 

measured waveforms, including any small nuances, which may be present. This wavelet not 

only reflects the current density pattern of the finite length GPR antenna but also its radiation 

pattern in a water-filled borehole. The steps in the source wavelet recovery are illustrated in 

detail in Figure C2 [extended from Ernst et al., 2007b], where the Fourier transformed 

quantities are indicated by ^. First, an initial source wavelet is estimated (Figure C2, Part A), 

where only the shape of the wavelet is determined without considering any amplitude 

information. All traces from a vertical zero offset profile (ZOP), containing only horizontally 

traveling waves, are normalized and aligned to estimate an average pulse (Figure C2, step 1). 

By cross-correlating the ZOP traces, data containing erroneous wave shapes due to e.g., 

interfering reflections are identified and excluded. We know from Maxwell’s equations that 

the electric field is proportional to the time derivative (multiplication with iω in the frequency 

domain) of the current density source wavelet. To obtain the shape of the initial source 

wavelet we divide the average Fourier transformed pulse (electric field) by iω in the 

frequency domain (Figure C2, step 2).  

In Part B (Figure C2) we calculate a corrected wavelet with detailed amplitude and phase 

characteristics. The forward modeling is done using the Cartesian coordinate, 2-D finite-

difference time-domain (FDTD) code of Ernst et al. [2007a]. The synthetic radargrams Esyn, 

for each transmitter-receiver position, are calculated using the model of permittivities and 

conductivities obtained from the ray-based inversion (indicated by “ray”) and the initial 

source wavelet (Figure C2, step 3 and 4). The radar data can be viewed as the convolution of 

the source wavelet with the impulse response (Green’s function) in the time-domain or as the 

multiplication of the source spectrum with the Fourier-transformed Green’s function. 

Therefore, an effective source wavelet can be obtained by deconvolving the radar data Êobs 

with an appropriate Green’s function Ĝ calculated using the traveltime inversion results as 

input. This is best done using a least-squares approach in the frequency domain [Ernst et al., 

2007b; Streich and van der Kruk, 2007b]. The transfer function Ĝ is calculated by spectral 

division of Êsyn in the frequency domain with the initial wavelet spectrum Ŝk=0 for each 

separate trace (Figure C2, step 5). Next, we estimate Ŝk=1 by dividing the actual observed data 

Êobs with the transfer function Ĝ, using all traces in a least squares sense (Figure C2, step 6). 

Quantities ηD and ηI are prewhitening factors which are applied to stabilize the solution and 
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avoid dividing by zero (should there be any notches in the spectrum of G). The time-domain 

source wavelet Sk+1(t) is obtained by an inverse Fourier transformation (Figure C2, step 7). 

Steps 3-7 can be repeated until the source wavelet has converged (Loop 1), where k indicates 

the iteration number. In Part C (Figure C2) a source wavelet refinement can be applied during 

the full-waveform inversion to improve the wavelet when necessary (Loop 2). 

 

 

 

 

Figure C2. Source wavelet estimation flow consisting of three parts: Part A - initial source wavelet estimation 
using averaged horizontal rays (steps 1-2), Part B - the source wavelet correction (steps 3-7) with 
the deconvolution method using all available data (extended from Ernst et al. [2007b]) and Part C - 
source wavelet refinement during the full-waveform inversion. This source wavelet estimation is 
always carried out before starting the full-waveform inversion (loop 1), and can also be performed 
after several iterations of the full-waveform inversion (loop 2). 
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A.2.3 Inversion algorithm 

The full-waveform inversion is based on Tarantola’s approach [1984a; b; 1986] and uses 

a gradient-type method (Figure C1, Part III). The cost function (or misfit function) 

C=0.5║Esyn-Eobs║², which is the difference between the simulated (Esyn) and observed (Eobs) 

traces, is minimized for all transmitter-receiver combinations within a selected time window. 

This is achieved by computing the gradient of C, which indicates the update direction of the 

permittivity and conductivity models. Furthermore, individual step lengths need to be 

determined that indicate the magnitude of the model updates.  

To calculate the gradient ∇C, the forward propagated wavefield Esyn is computed using 

the estimated source wavelet and the model from the previous inversion iteration (the ray-

based inversion model is used for the first iteration). The wavefields are stored in memory for 

each transmitter and each time step (Figure C1, step F). Then, the residual wavefield is 

calculated by subtracting the synthetic wavefield from the observed wavefield (Figure C1, 

step G) and for each transmitter, this residual wavefield is backpropagated from all receivers 

to the corresponding transmitters (Figure C1, step H). Finally, the gradient at each point x is 

obtained by a zero-lag cross-correlation of the stored values of Esyn with the backpropagated 

residual wavefield, and by summing over all transmitters and times (Figure C1, step I and J). 

Constructive interference occurs at positions in space where the true and modeled medium 

properties deviate, and the gradient indicates how to change the model parameter values to 

reduce the misfit function. 

After estimating the permittivity and conductivity gradients (Figure C1, step J), the step-

lengths are calculated (Figure C1, step K). According to Meles et al. [2010] individual step-

lengths are necessary to simultaneously update the permittivity and conductivity models. 

Finally, the permittivity ε and conductivity σ at the current iteration are updated with the 

obtained gradient directions and step lengths (Figure C1, step L). For terminating the 

inversion loop, we use a stopping criterion of 1% change of the root mean square (RMS) error 

between the observed and synthetic data between subsequent iterations [Ernst et al., 2007b].  

A.2.4 Implementation details 

The computational costs of the full-waveform inversion are determined mainly by the 

FDTD calculations. The full-waveform algorithm requires solving the forward problem four 

times during each iteration. With the first solution the residual wavefield is calculated, the 

second solution is required to compute the model update directions (gradients) and two FDTD 
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calculations are needed for determining the step-lengths. The calculations for each transmitter 

position are independent from each other. Therefore, the algorithm can be parallelized easily 

(for each transmitter one slave CPU is required, and one master CPU coordinates the 

computations). The overhead for the distribution of the computations is about 10% using the 

MPI system [Ernst et al., 2007b; Ernst et al., 2007a].  

During the calculation of the gradient, the forward modeled field Esyn remains in the 

computer memory. The required memory M is estimated by  

M(bytes) =
nxf ⋅nzf ⋅ timesamples ⋅2 ⋅8

invfwd 2
⋅NTRN ,  (C1) 

where nxf and nzf are the numbers of the horizontal and vertical forward modeling cells, the 

value 2 indicates the two components (Ex and Ez) of the electric field, the 8 indicates the 

double-precision number representation in bytes of the electric field values and NTRN is the 

number of transmitters. Due to memory constraints, each inversion cell consists of invfwd=3 

forward modeling cells in the x and z directions, which is indicated by the square of the factor 

invfwd. For the data set presented in the next section, this requires approx. 2.4 Gbytes. The 

computation time is  
Tcomp = 4 ⋅1.1⋅Tforward ⋅Niter,  (C2) 

where Tforward is the time for a single FDTD calculation and Niter is the number of 

iterations (Meles et al. 2010). For the calculations, two different computer clusters are used; 

the JUMP (Research Center Jülich) and the HPC cluster (RWTH Aachen). The computing 

times on the JUMP and HPC cluster are 0.2 min per iteration (for 51 iterations 12.4 min) and 

0.6 min (for 51 iterations 32 min), respectively.  

A.3 CASE STUDY: THUR RIVER HYDROGEOPHYSICAL TEST SITE 

In this section, we explore the potential and limitations of the ray-based and full-

waveform inversion schemes using an experimental data set. First, we describe the field site 

and the survey geometry. Then, we show the ray-based inversion results, estimate the source 

wavelet and describe the full-waveform inversion. Finally, we compare the results obtained 

with geophysical well logs acquired in neighboring boreholes. 

A.3.1 Test site 

The crosshole GPR data set was acquired in the Thur valley close to Frauenfeld, 

Switzerland. The Thur valley was initially formed by glaciers during the Pleistocene, which 
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cut into the older underlying Tertiary bedrock. Today, the valley is filled with lacustrine 

sediments and the central part of the Thur River is 40 to 45 m wide. On the south side of the 

Thur River, an overbank was formed with an approximate width of 130 m [Cirpka et al., 

2007]. The aquifer comprises a 7 m thick glaciofluvial gravel deposit, which is embedded 

between a thick sequence of low permeable clays (lacustrine sediments) below and alluvial 

loam above, which has a thickness of 3 m (Figure C3). Within the framework of the 

RECORD project [RECORD, 2011] four 11.4 cm diameter monitoring wells were installed in 

2007 close to the Thur River, where measurements of crosshole GPR, ERT and seismic data 

have been performed (Chapter 2 and 4, and Appendix B). We consider here only the crosshole 

GPR data acquired along the south-west plane of the six planes interpreted in Chapter 2. 

A.3.2 Measurement setup 

A limited number of transmitter positions were used during the data acquisition to 

minimize acquisition time. To ensure that enough information is captured to reliably invert 

the data, a much larger number of receiver positions were occupied. The disadvantage of this 

approach is that ray coverage close to the transmitter borehole is relatively low (see Figure 

C4a). This is overcome by using a semi-reciprocal transmitter-receiver setup shown in Figure 

C4b, in which transmitter and receiver boreholes are interchanged. The combination of both 

data sets results in adequate ray-coverage over the entire domain (Figure C4c). In addition, 

this setup also reduces the computational costs, as discussed above.  

For the GPR measurements, a RAMAC Ground Vision system of Malå Geoscience with 

250 MHz antennas was employed. The vertical spacing between the transmitters and receivers 

are 0.5 m and 0.1 m, respectively. For the purpose of characterizing the aquifer between 4 and 

10 m depth, 12 transmitter and 59 receiver positions were chosen in the south and west 

borehole, respectively (SW setup) and for the semi-reciprocal setup 12 transmitter and 57 

receiver positions were chosen in the west and south borehole, respectively (WS-setup, see 

also Figure C4). In Figure C5a, these setups are shown with the transmitters and receivers 

indicated by white circles and blue crosses in the boreholes, respectively. Due to the 

measurement setup, the receiver records rays up to an angle of approximately 50° and all 

measurements were performed below the water table, which is located at approximately 4 m 

depth. The zone above the water table is neither included in the measurements nor in the 

inversion volume, so any recorded signals which have refracted/reflected from this horizon 

are not accommodated in the forward modeling and inversion. 
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Figure C3. Simplified geological representation of the experimental area, showing a three-layer structure: 
alluvial loam, gravel, lacustrine (clay) sediments (from top to bottom); with boreholes close to the 
Thur River. The water table is approximately at 4 m depth. 

 

 

Figure C4. Schematic of the measurement setup employed that requires significantly less transmitter than 
receiver positions, but has low ray-coverage in the transmitter borehole. Semi-reciprocal 
measurements, in which transmitter and receiver boreholes are interchanged, are indicated in (a) and 
(b). The combination of these measurements, shown in (c), improves the ray-coverage compared to 
the individual setups. 

A.3.3 Estimation of the initial model with ray-based inversion scheme 

The first step in the processing sequence consists of picking the first-arrival traveltimes 

and the first cycle amplitudes of the measured data. The ray-based inversion is performed by 

minimizing the misfit between the picked traveltimes and the first cycle amplitudes of the 

measured and calculated data for a given fixed model regularization that includes both 

damping and smoothness constraints [Holliger et al., 2001; Maurer and Musil, 2004]. The 

obtained velocity and attenuation tomograms are transformed into permittivity and 

conductivity images (Figure C5a and b). For convenience, we use the relative permittivity 

εr=ε/ε0 (or dielectric constant), where ε0 is the free space permittivity. Both permittivity and 
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conductivity images reveal roughly three zones. A zone of higher permittivity and higher 

electrical conductivity is found in the top 4 m to 5.5 m, followed by lower permittivity and 

lower conductivity values between 5.5 m to 8 m. The bottom part exhibits intermediate values 

for both parameters. Neglecting the critically refracted waves results in a low ray density in 

the uppermost part of the tomographic plane. In addition, the high permittivities (low 

velocities) cause most of the rays to avoid the upper part (Figure C5c). Therefore, small-scale 

features found within this zone should be viewed with caution and not be over-interpreted. 

A.3.4 Source wavelet estimation 

Before the source wavelet estimation can be performed, it is necessary to apply a 3-D to 

2-D conversion to transform the 3-D field data to make them comparable with the 2-D 

modeling data i.e. synthetic traces [Ernst et al., 2007b]. These transformed data are then used 

in all the following processing steps, as well as the full-waveform inversion.  

Initial source wavelet estimation 

Following the scheme outlined in Figure C2 Part A, the traces of the upper and lower 

neighboring receivers of the ZOP data are at first averaged. Then the similarity of these 

waveforms obtained for each transmitter is investigated using a cross-correlation procedure 

for the horizontally traveling waves. Waveforms having relative cross-correlation values 

below 0.8, which indicate significantly differences, are discarded. Waveforms of SW-

transmitters 1, 2 and 12 and WS-transmitters 13, 14, 23 and 24 were excluded. 

In the next step, all traces are aligned to the largest pulse minimum, which results in a 

better alignment than using the largest maximum of the pulses [as used by Ernst, 2007], and 

integrated (see also Figure C2). A bandpass filter is applied in the frequency domain to 

remove frequencies below 40 MHz and above 150 MHz. The tapered and normalized initial 

wavelet is plotted in blue in Figure C6. Note that only the shape is estimated and the 

amplitude scale is not considered. 

The initial source wavelet is employed for modeling the radargrams using the ε and σ 

distributions obtained from the ray-based inversion. In Figure C7, the experimental data for 

the SW-setup are compared with the synthetic data. The amplitudes for each trace are 

normalized to the maximum to enable a better comparison of the data. Negative and positive 

amplitudes are indicated by the blue and red color in the image, respectively. The images 

show a similar trend for both data sets. However a timeshift of about 3 ns is apparent, 

especially in Figures C8a, b and c, where the observed and synthetic data are compared in 
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more detail and normalized wiggle plots are shown for the selected transmitter positions 2, 7 

and 11, respectively, of the SW-setup with their respective receivers. The red and blue traces 

show the observed and synthetic traces, respectively. Only traces containing waves that 

mainly travelled horizontal paths show a good fit with the synthetic data (green ellipses). 

High-angle data contain significant time shifts and transmitters close to the water table have a 

significant misfit, which is probably due to reflections being present in the top 20 traces from 

transmitters 2 and 7. Similar results were obtained for the WS-setup. 

 

 

Figure C5. Ray-based inversion results that are used as the initial model for the full-waveform inversion. (a) 
The distribution of permittivity and (b) conductivity; transmitter and receiver positions are indicated 
with crosses and circles, respectively. (c) The ray-coverage based on the traveltime inversion. 

 

 

Figure C6. Wavelets for different processing steps: the initial wavelet which is normalized to the maximum 
amplitude of the first corrected wavelet (blue), first corrected wavelet (red), and the second 
corrected wavelet (green). 

0 5 10 15 20 25 30 35

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0.04

Time [ns]

A
m

p
li
tu

d
e

initial (normalized)

first corrected

second corrected



0 Full-waveform inversion of GPR data from the Thur River aquifer 

 

Figure C7. Comparison after one forward modeling run of the observed (a) and synthetic (b) data for the SW-
setup (amplitudes normalized to their maximum). The numbers indicate the transmitter positions. 
Wiggle trace plots for observed and synthetic data for transmitters 2, 7 and 11 are shown in Figure 
C8a, b and c, respectively. 

 

Figure C8. Comparison of normalized observed (red) and synthetic (blue) traces after the first forward 
modeling run for the transmitter gathers at positions (a) 2, (b) 7 and (c) 11. The green ellipses 
indicate the areas of best fit between the traces. The arrows at trace number (a) 4, (b) 29 and (c) 51 
indicate the locations of transmitters 2, 7 and 11, respectively. 
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Source wavelet correction and refinement 

In the next step, the source wavelet is corrected according to Figure C2, Part B. In 

contrast to the initial source wavelet estimation, where only horizontal rays are considered, we 

now use all traces to estimate the corrected wavelet. The amplitude and phase spectra of the 

wavelets are shown in Figures C9a and b, respectively. The blue, red and dashed black lines 

show the initial wavelet, the wavelet after the deconvolution and the final corrected wavelet, 

respectively. The frequency band (corner frequencies) of the bandpass filter applied during 

pre-processing is shown by the vertical dotted green lines. Within the bandpass there is a good 

match of the amplitude spectrum (Figure C9a), whereas the phase spectrum still shows a 

significant shift. The resulting wavelet, marked as the red curve in Figure C6, shows a 

compensation of the earlier observed timeshift between the observed and synthetic data in 

Figures C7 and C8. This shift probably arises because the first estimation of the wavelet is 

based only on a limited number of averaged direct waves, and no exact time zero is known 

and only the general form is obtained. Note that the amplitude of the corrected wavelet is now 

also determined, whereas the initial wavelet (blue line in Figure C6) is normalized to the 

maximum of the first corrected wavelet to allow a comparison of the shape with the corrected 

wavelet (corrected wavelet amplitude is about 1/25 of the initial wavelet amplitude).  

To investigate and refine the shift and the amplitude, one more correction of the source 

wavelet is applied. The same steps and parameters are used in the second correction cycle 

(green wavelet in Figure C6). The wavelet did not change much and was found to be stable, 

suggesting that the shape and the amplitude are properly obtained. Figure C10 shows a 

comparison of the observed and synthetic data for the same transmitter positions as in Figure 

C8. The events show similar trends and no normalization is applied. It is obvious that the data 

fit improves and that both data sets are more comparable. The observed and synthetic traces 

have now the same first-arrival times, and the amplitudes for the traces correspond well when 

the transmitter and receiver positions are aligned sub-horizontally (see green ellipses). The 

time shift of 3 ns, which was observed after the first forward modeling, is absent. However, 

with increasing angle from the transmitter, the fit to the observed amplitudes becomes 

progressively worse. 
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Figure C9. (a) Amplitude and (b) phase spectra of the initial source wavelet (blue), the estimated wavelet (red) 
and the frequency filtered wavelet (dashed black). A bandpass frequency filter is applied, having 
corner frequencies indicated by the green dotted lines. 

 

 

Figure C10. Comparison of non-normalized observed (red) and synthetic (blue) traces after the second forward 
modeling run for the measurements of the transmitter positions (a) 2, (b) 7 and (c) 11. The green 
ellipses indicate where the best fit between the traces. 
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A.3.5 Full-waveform permittivity and conductivity inversions 

The Full-waveform inversion (Figure C1 Part III) begins by computing a synthetic 

wavefield using the ray-based results, shown for the permittivity in Figure C11a (iteration 0). 

Figures C11b, c and d show the permittivity tomograms obtained for iterations 10, 20 and 35, 

respectively. In the upper 2 meters the image changes between iteration 0 and 20, and regions 

with a higher permittivity become visible. Also, over the depth range 5.5 m to 10 m more 

structures and layering become evident. After iteration 20, the tomograms remain relatively 

constant until the final solution (iteration 35) in Figure C11d. The final permittivity image 

shows much more details than the ray-based inversion result. The aquifer area between depths 

of 4 m and 5.5 m contains thin layers having very high contrasts. Instead of the more or less 

homogenous middle layer obtained from the traveltime inversion, the area between 6 m and 

7.5 m depth contains two areas of relatively low permittivity. Below this area four 

intermediate and two lower permittivity zones are resolved. 

Figure C12a shows the initial conductivity model (logarithmic scale) obtained from the 

ray-based inversion (iteration 0) using the first cycle amplitudes. The conductivity tomograms 

for iterations 10, 20 and 35 are shown in Figure C12b, c and d, respectively. In contrast to the 

permittivity tomograms, where small-scale features become visible in the earlier iterations, 

the conductivity tomograms remain relatively smooth during the first 20 iterations whereas 

finer details only occur for the later iterations. The reason is that the permittivity inversion 

model must first converge to ensure matching the phases between the synthetic and real data. 

Otherwise, the waveforms are not time-aligned and the amplitudes cannot be effectively 

optimized. A kinematic shift of more than one quarter of a pulse period precludes a 

satisfactory dynamic inversion. The final conductivity tomogram shows much more detail 

than the ray-based model (iteration 0). A very pronounced higher conductivity zone is imaged 

at a depth below 9.5 m (black dashed line in Figure C12d), which was not obtained with the 

ray-based inversion results (Figure C12a). 
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Figure C11. Relative permittivity tomograms for different iteration steps from (a) initial model of the full-
waveform inversion obtained from the ray-based inversion, (b), (c) and (d) show the models 
obtained at iterations 10, 20 and 35, respectively. The dashed black line refers to Figure C15a, 
where a comparison of Neutron-Neutron logging data is presented. The violet dashed line indicates 
the position of the logging boreholes (2.5 m away). 

 

Figure C12. Conductivity tomograms for different iteration steps from (a) initial model of the full-waveform 
inversion obtained from the ray-based inversion, (b), (c) and (d) show the models obtained at 
iterations 10, 20 and 35, respectively. The dashed black line refers to Figure C15b, where a 
comparison Natural Gamma logging data is presented. This line indicates the resolved underlying 
lacustrine sediments. The violet dashed line indicates the position of the logging boreholes (2.5 m 
away). 
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A.3.6 RMS convergence 

The RMS misfit between observed and predicted traces is shown in Figure C13. The 

vertical axis is normalized such that the RMS of the initial model (obtained with the ray based 

inversion) is equal to 1.0. The convergence criterion of less than 1% change in the misfit 

between iterations is achieved after 35 iterations.  

A.3.7 Comparison between observed and modeled traces  

Figure C14 compares the observed traces (red) for transmitter positions 2, 7 and 11 at 

iteration 35 with the modeled traces (blue). A very good fit between the synthetic and 

measured traces is apparent. The agreement for transmitter 2 (Figure C14a) is less convincing, 

which is probably due to transmitter 2 being located in the upper region close to the water 

table (see arrow in Figure C14a), where the additional refractions and reflections (not 

included in the modeled data) are strongly present. Note that transmitter 2 was excluded from 

the source wavelet estimation. Due to the presence of the water table, the obtained model is 

probably unreliable for the depth range between 4m and 6 m. Instead of discarding the traces 

containing refracted waves which have travelled through the unsaturated gravel, as is done in 

the ray-based inversion (see Figure C5c), we included all traces in the full-waveform 

inversion. The algorithm tried to fit these events without taking into account the presence of 

the unsaturated zone. The presence of the water-table is indicated by the prominent reflections 

shown in the blue ellipse in Figure C14 for transmitter 2 in the upper 5 traces. This probably 

produces anomalous structures (low and high permittivity and conductivity values) in the 

upper 2 m. To improve these results, data above the water table should be measured and 

included in the inversion. The full-waveform inversion should be able to fit these critically 

refracted waves and reflected waves when a proper starting model is used, which includes this 

zone  

For transmitters 7 and 11 (Figure C14b and c), the simulated amplitudes and phases fit the 

measured data remarkably well. Therefore, we expect that the tomogram details below 6 m 

depth represent reality rather well. By comparing Figures C8, C10 and C14 it is obvious that 

the fit between the observed and synthetic data becomes significantly better after wavelet 

estimation and especially after the full-waveform inversion. The green ellipses indicate the 

areas with the best fit. All these results indicate that the simultaneous full-waveform inversion 

of both permittivity and conductivity performs well! 
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Figure C13. RMS values as a function of iteration number for the ray-based inversion starting model. The RMS 
is normalized to the ray-based inversion result and after 35 iterations the RMS misfit changes less 
than 1%. The red circles along the graph indicate the iteration number for which the permittivity 
and conductivity results are shown in Figures C11 and C12. 

 

 

Figure C14. Un-normalized traces after 35 iterations for the measurements of transmitters (a) 2, (b) 7 and (c) 
11. A general good agreement of the observed traces (red) and the simulated traces (blue) is 
visible. The green ellipses indicating where the fit is best between the traces, whereas the blue 
ellipse shows the reflections from the water table (see text for further discussion). 
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A.3.8 Interpretation and comparison with borehole logging data 

The permittivity is influenced mainly by the pore structure and the porosity of the gravel, 

which contains particle sizes between 0.2 mm and 60 mm [Füchtenbauer, 1988; Diem et al., 

2010] and also a small fraction of fines. Permittivity values for saturated gravel are reported 

to lie between 20 to 30 [Daniels et al., 2005]. The conductivity is determined by porosity and 

pore structure, salinity, and surface conductivity at the grain/solution interface. Moreover, if 

clay is present in the gravel, conductivities will increase with an increasing amount of clay. 

Clay particles contribute the exchange of cations to the electrolyte, which increases the 

conductivity of the formation [Waxman and Smits, 1968; Worthington, 1993].  

To assess the reliability of the full-waveform results we analyzed geophysical borehole 

logs acquired at two wells located at either side, 2.5 m distance away from the crosshole 

plane. The plane between these north-east (P11) and south-west (P13) boreholes cross our 

tomographic plane at the center (indicated by the violet dashed line in Figure C11d and 

C12d). Neutron-Neutron data indicate water content (and thus porosity), whereas Natural 

Gamma data indicate the presence of clay. Neutron-Neutron logs are transformed into 

porosity using the approach and parameters of Barrash and Clemo [2002] for both boreholes 

P11 and P13 and plotted in Figure C15a in blue and cyan, respectively. The obtained 

permittivities for the traveltime (I=0) and full-waveform inversion (I=35) at the center of the 

planes (see dashed violet lines in Figure C11a and d) are converted to porosity using the 

petrophysical model of Linde et al. [2006a] with the parameters of Chapter 2 and plotted in 

Figure C15a in red and green, respectively. 

Without any additional calibration, the values obtained for the converted Neutron-

Neutron logs and permittivity results are very close and similar vertical variations can be 

observed. Especially from 6.8 m to 7.3 m and from 8.5 m to 9.3 m the porosity values for P13 

fit very well the inversion results and from 7.8 m to 8.3 m the values for P11 fit well the 

inversion results. Note that both borehole logs indicate a lateral variation and the curves 

shown in Figure C15 represent porosity values 2.5 m away from each other. In future, the 

borehole logs should be taken at the center of the tomographic plane to enable a direct 

comparison. 

In Figure C15b, the obtained conductivities for the traveltime (I=0) and full-waveform 

inversion (I=35) at the center of the planes (see dashed violet lines in Figure C12a and d) are 

plotted in Figure C15b in red and green, respectively. The dashed black line in Figure C15b 

indicate the high conductivity zone in the tomographic plane at the base of the aquifer below 
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9.6 m depth (see also black dashed line in Figure C12d), which indicates the boundary of the 

lacustrine sediment. These results fit very well with the Natural Gamma logs of P11 and P13 

(blue and cyan lines in Figure C15b) that clearly indicate the presence of a high clay content 

layer below 9.6 m. The Neutron-Neutron results also indicate a strong discontinuity at the 

same depth level. Note that these lacustrine sediments could not be resolved with the ray-

based inversion. As expected, a poor match is found between the borehole logs and the 

tomograms within the uppermost 2 m. 

 

 

Figure C15. (a) Comparison of the Neutron porosities of the boreholes P11 and P13 with the porosities 
obtained from the permittivities observed at the same level for the ray-based inversion result (I=0) 
and the final solution of the full-waveform inversion (I=35) over the depth interval 6 m to 10.2 m. 
(b) Comparison of the Natural Gamma counts for both boreholes with the conductivity observed at 
the same level for the ray-based inversion (I=0) and the final solution of the full-waveform 
inversion (I=35) over the depth interval 6 m to 10.2 m. All graphs are plotted logarithmically. Note 
that the lacustrine sediments (clays) are indicated by the black dashed line (compare with the 
dashed line in Figure C12d). 
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  A.4 Conclusions and Outlook 

A.4 CONCLUSIONS AND OUTLOOK 

A recently developed full-waveform inversion algorithm for crosshole GPR data [Meles 

et al., 2010] was optimized by introducing an improved acquisition setup. Using a limited 

number of transmitter positions and many more receiver positions, the acquisition time and 

the computational cost (memory and CPU time) could be reduced compared to a conventional 

setup that uses an equal number of transmitter and receiver positions. To improve the low ray-

coverage close to the transmitter borehole, a semi-reciprocal setup was employed which 

entailed populating the original receiver borehole with new transmitter positions (and 

conversely populating the original transmitter borehole with a dense array of receiver 

positions). This approach has been evaluated by analyzing crosshole GPR data acquired 

within an aquifer composed of gravelly river deposits and resulted in a good data fit between 

the measured traces and the synthetic traces. As expected, the permittivity and conductivity 

tomograms obtained are much more detailed than conventional ray-based inversion results.  

The obtained results are compared with Neutron-Neutron and Natural Gamma logging 

data measured at either side, 2.5 m distance away from the crosshole plane. The inverted 

permittivity values and the measured Neutron-Neutron logs are converted to porosities using 

conversions described in literature and show very similar absolute values and vertical 

variations with high resolution. At some depth ranges a good correspondence is observed for 

one of the logs whereas at other depths this is observed for the other log. This is explained by 

the presence of lateral variation observed in the two Neutron-Neutron borehole logs measured 

at either side, 2.5 m distance away from the crosshole plane, such that a direct comparison is 

not possible. Note that the ray-based permittivity tomogram only provided low resolution 

porosity information. The full-waveform conductivity tomogram indicates an increased 

conductivity below 9.6 m at all lateral positions, which corresponds to the lacustrine 

sediments. Comparison of the conductivity tomogram with the Natural Gamma logs confirms 

that the thick clay layer at the base of the aquifer is present at a depth of approximately 9.6 m. 

The Neutron-Neutron logs also indicated a strong discontinuity below this depth. Note that 

this layer was not clearly identified in the ray-based conductivity tomogram.  

Comparison with ERT models obtained in Chapter 4 indicates that the electrical 

conductivities at a center frequency of 100 MHz obtained by full-waveform inversion are 

approximately 50% higher than those obtained by the ERT inversion (DC or low frequency 

values). This apparent discrepancy may be explained by the frequency-dependency of 
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electrical conductivity [Knight and Nur, 1987]. This needs to be investigated further in future 

work.  

Thin horizontal layers were imaged for the upper part (4 m to 5.5m) of the aquifer having 

strongly alternating permittivities and conductivities, but no agreement with the borehole logs 

was found. On the basis of the poor match of the observed and predicted traces in the upper 

part of the aquifer (Figure C14a), we expect the full-waveform models to be unreliable in this 

region. A likely explanation for this is the presence of the groundwater table, which represents 

a very strong discontinuity in electrical subsurface parameters. This leads to non-linear effects 

that can cause the inversion to get trapped in local minima. A possible solution would be to 

incorporate the water table as à priori information in the initial model, to increase the model 

space and to use transmitters in the unsaturated zone. Another factor that might also influence 

the results in the upper part of the aquifer is the 3-D to 2-D conversion, which is only valid for 

far-field conditions. Here, the minimum distance between transmitter and receiver is seven 

wavelengths and recent publications [Streich and van der Kruk, 2007a] indicate that the far-

field assumption may be thus not valid. The use of a 2½ D forward modeling program [e.g., 

Bing and Greenhalgh, 1998a] might solve this problem.  

Our analyses showed that estimation of the source wavelet is critical. A possible 

improvement could be the estimation of an effective source wavelet for different areas, where 

the medium parameters and the corresponding dielectric coupling are different [Tronicke and 

Holliger, 2004]. Instead of assuming a point source, it would also be possible to implement 

finite antennas in the modeling [Streich and van der Kruk, 2007b], to consider the real 

dimensions of the antennas. Until now, only a source wavelet correction is applied before the 

full-waveform inversion, but the source wavelet could be updated after a few iterations and 

possibly the results can be further improved.  

In summary, we optimized the acquisition setup and incorporated this in the full-

waveform inversion of crosshole GPR measurements such that the acquisition time and 

computational costs are significantly reduced. The permittivity and conductivity images of the 

gravel aquifer show a much higher resolution compared to the ray-based inversion (see 

Figures C11 and C12). For the first time, high conductivity lacustrine sediments underlying a 

gravel aquifer were imaged using full-waveform inversion of crosshole GPR data, in 

correspondence with Natural Gamma logs. In addition, high resolution porosity values were 

obtained having similar vertical changes as the Neutron-Neutron logs. Since the logs and the 

inversion plane were not co-located, direct comparison was not possible, but the obtained 
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results show that this approach has high potential to characterize and image gravel aquifers 

for hydrological purposes. 
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