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Introduction  20 
This supporting information provides (1) additional details of the pore-network 21 

modeling approach of Briggs et al. [2015], extended here to include electrical conduction, (2) 22 

additional petrophysical models for dual-domain media, (3) extension of the equations of the 23 

main paper to include surface conduction, and (4) a note on the functional equivalence of the 24 

Glover [2000] and Pride [1984] petrophysical models. Explanation of pore-network modeling 25 

steps 1-5 can also be found in the supporting information for Briggs et al. [2015], which used a 26 

code upon which we build here to incorporate electrical conduction (Step 6), which is 27 

straightforward and amounts to the simple solution of a resistor network.   28 



 
 

2 
 

S1. Pore-network modeling. 29 
 In Step 1, we generate the pore network model (PNM). The PNM consists of a lattice of 30 

pipes with square cross sections of uniform width. A two-dimensional (2D) lattice is 31 

considered here, although the calculations are performed in three dimensions (3D) assuming 32 

equal pore widths in the x- and y-directions; hence the model operates in 3D but we consider 33 

only single-layer networks in this work. Each pore is connected to its eight neighbors (Figure 34 

2). For simplicity, we assume uniform pore length, and thus a regular grid.  35 

In Step 2 (Figure 2), we solve for flow in the PNM. Flow rates, Q [L3/T], are given by the 36 

Hagen-Poiseuille Law, which for a pipe of rectangular cross section is: 37 

= ∆ℎ12 3 1 − 1925 15 tanh 2∞
,  

,   (S1) 38 

where b is the pipe aperture (z direction) [L]; w is the pipe width (x- or y-direction) [L]; l is the 39 

pipe length [L]; g is acceleration of gravity [L/T2], taken as 980 cm/s2;  is dynamic viscosity [ML-40 

1T-1], assumed here to be 0.001002 g/cm-s;  ρ is fluid density [ML-3], assumed here to be 1 41 

g/cm3; and Δh is the head difference across the pipe [L]. In evaluating the infinite series in 42 

Equation S1, we consider the first 1000 terms. The hydraulic conductance for a pipe, gh [L2], 43 

such that  Q=ghΔh, is: 44 

h = 12 3 1 − 1925 15 tanh 2∞
, ≈ 0.421712 4 

  (S2) 45 

for pores of square cross section (b=w) as considered in the examples presented here. 46 

Between adjacent pores i and j, the effective conductance, , , is given by the weighted 47 

harmonic average of the two pores’ conductances. The steady-state hydraulic network 48 

problem consists of building and solving a system of linear equations for conservation 49 
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(∑ , = 0, where Qi,j is the flow from pore j to pore i and N is the coordination number) at 50 

each pore based on Hagen-Poiseuille conductances (Equations S1-S2). Boundary conditions 51 

are specified head on two sides of the network (left and right) and no-flow on the other two 52 

sides. We note that the hydraulic solution is exact in the sense that no discretization (e.g., 53 

finite-difference approximation) is required beyond the discretization of the lattice.  54 

 In Step 3 (Figure 2), we solve the transport problem in the PNM. For our purposes, full, 55 

transient transport simulation is not required; rather, we need only to (1) classify pores as 56 

belonging to mobile or immobile domains, and (2) calculate the mass-transfer rates associated 57 

with every immobile region. This task is achieved efficiently by solving directly for the 58 

temporal moments of concentration using the approach developed by Harvey and Gorelick 59 

[1995] and used by Briggs et al. [2015]. Applying the Laplace Transform to the transient 60 

transport equation (Equation 1), a steady-state equation is obtained for temporal moments of 61 

concentration; thus, the transport problem is reduced to a series of steady-state solutions—62 

one solution for the zeroth order moment, and a second solution for the first-order moment, 63 

and so forth. Here, we require only the zeroth and first moments in order to calculate 64 

residence times.  65 

Diffusive mass flux for a pipe of rectangular cross section is given by Fick’s Law: 66 

, = ∆ ⁄  [M/T], where ∆  is concentration difference and  is the coefficient of 67 

molecular diffusion in water, assumed to be 2 × 10-9 cm2/s. For diffusive transport, the pipe 68 

conductance, ,  [L3/T], is thus:  69 

, = ⁄ .       (S3) 70 

As for the flow problem, the diffusive conductance between adjacent nodes i and j, ,, , is the 71 

harmonic average of the conductances for the two pores.  72 
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In calculating advection, the transport model uses the inter-pore flows from the 73 

hydraulic model. Advective mass flux between pores is simply Ft,a=Qci, where Q is volumetric 74 

flow from pore i to pore j, and ci is concentration at pore i, assuming flow is from pore i to j. 75 

Formulating transport as a network problem, advective conductance between two pores, i 76 

and j, is thus  77 

,, = ,       (S4) 78 

for flow occurring in the direction from pore i to pore j. In contrast to formulas for hydraulic, 79 

diffusive, and electrical conductances, Equation S4 casts advective conductance as a function 80 

not only of network geometry but also of flow rate and thus boundary conditions.    81 

By formulating transport as a network problem, we build a linear system for temporal 82 

moments of concentration based on equations of steady-state mass conservation at each 83 

pore, with one equation per pore:    84 

, + , =  ,     (S5) 85 

where ,  and ,  are conductance matrices for advection and diffusion, respectively, 86 

assembled from elements given by inter-pore conductances calculated according to 87 

Equations S3-S4; mn is a vector of spatially distributed concentration moment of order n; and 88 

RHSn is the right hand side appropriate for order n, as described in Harvey and Gorelick [1995]. 89 

For order zero, the ith element of RHSn is given by , = − ,  where ,  is the initial 90 

concentration in pore i, and  is the volume of pore i, including the associated half pipes 91 

extending to adjacent pores (Figure 2c). For the first moment, , = − , , where ,  is 92 

the zeroth moment. Note that Equation S5 can be developed and solved for moments for 93 

purely advective or diffusive transport by neglecting ,  or , , respectively.   94 

Spatial and temporal moments of solute plumes or concentration histories, 95 

respectively, give insight into the nature of advection, dispersion, mass-transfer, decay, and 96 
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other processes controlling transport  [e.g., Goltz and Roberts, 1987; Harvey and Gorelick, 1995; 97 

Day-Lewis and Singha, 2008]. The nth temporal moment of concentration for pore i is:  98 

, = .       (S6) 99 

The zeroth moment,  [M L-3 T], is thus concentration integrated over time. The first moment, 100 

 [M L-3 T2], describes the timing of solute movement; the quantity, / , is the mean 101 

arrival time for a breakthrough curve; and  /  is the rate (1/time), which for certain initial 102 

conditions can be taken as residence time. Higher order moments describe spreading, 103 

skewness, peakedness, and additional aspects of breakthrough.   104 

To classify pores, we first calculate pore advective-diffusive residence times by solving 105 

Equation S5 twice for , and  using an initial concentration field with unity concentration 106 

at pore i and zero concentration elsewhere; this procedure is repeated for every pore in the 107 

network, and each pore’s residence time (or inverse rate) is taken as tad = / . A k-means 108 

clustering algorithm is then used to classify pores into mobile and immobile domains, with the 109 

former comprising the lower residence times and the latter the larger residence times. The 110 

assignment to mobile or immobile domains is generally dynamic with respect to hydraulic 111 

conditions, as in Briggs et al. [2015]; however, the classification for the binary medium 112 

considered herein reduces to simple identification of inter- and intra-granular pores. Following 113 

the classification of pores, all contiguous regions comprising immobile pores are identified 114 

using a graph-theoretic algorithm; thus, the immobile domain may comprise multiple spatially 115 

disconnected immobile regions, e.g., the grains, aggregated grains or matrix blocks.  116 

For each immobile region, we require an effective mass-transfer rate coefficient, 117 

, . To this end, we solve Equation S5 for   and  under advective-diffusive transport 118 

for a sub-model where zero-concentration boundaries are applied at pores adjacent to the 119 

immobile region. From the result, we calculate the region’s effective rate coefficient as the 120 
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volume-weighted harmonic average of the rate coefficients (inverse advective-diffusive 121 

residence times, tad,i) associated with the N individual pores inside the immobile region: 122 

, = ∑ ∑ ,     .       (S7) 123 

The rate coefficients associated with the N immobile regions define the non-parametric rate-124 

coefficient distribution for MRMT (Equation 1).  In this work, we discretize the rate-coefficient 125 

distribution into N=10 logarithmically spaced bins, αi,. The associated volume fractions, βim,i , 126 

are then calculated based on the frequency and volumes of member pores. For the simple, 127 

regular medium considered here, the rate-coefficient distribution is nearly binary, with minor 128 

variation in rates from the interior to the no-flow boundaries. Although we account for MRMT 129 

in this work, it is useful to consider the effective mass-transfer coefficient under SRMT, αSRMT, 130 

for comparison to other work [e.g., Swanson et al., 2012, 2015; Briggs et al., 2014]. We calculate 131 

�SRMT as the volume-weighted harmonic average for the multi-rate distribution:   132 

= ∑ im, ∑ im,   .        (S8) 133 

In Step 5, we simulate a column experiment in which a tracer injection and 134 

subsequent flush is monitored with electrical resistance measurements, as in Briggs et al. 135 

[2014]. In solving for transport within the column, we represent all diffusion as mass transfer, 136 

effectively setting Dm=0 in Equation 1a; this approximation allows for a simple Laplace-137 

domain solution:  138 = − − 1 + ∑ +  , and  (S9) 139 

= +  ,          (S10) 140 

where  and  are the Laplace-transformed mobile- and immobile-domain concentrations, 141 

respectively; H(x) is the Heaviside function; v is average linear pore fluid velocity; Toff is the time 142 

at which injection of tracer ends and flushing begins; N=10 is the number of immobile 143 
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compartments for the non-parametric distribution of rate coefficients; βi is the distribution 144 

coefficient for immobile compartment i, given by θim,i /θm; and C0 is the initial concentration, 145 

equal in both domains and uniform within each immobile compartment; and s is the Laplace 146 

parameter. The inverse Laplace transform is implemented using the de Hoog algorithm and 147 

code by Hollenbeck [1998]. The effect of molecular diffusion (apart from mass transfer) was 148 

confirmed to be negligible for the column experiment by comparing simulated breakthrough 149 

histories from Equation S9-S10 against those generated using a particle tracking algorithm 150 

for MRMT (not shown).  151 

We assume a linear relation between the ionic tracer concentration and fluid electrical 152 

conductivity, and thus treat mobile and immobile concentrations as fluid conductivities, 153 

substituting σm and σim, for Cm and Cim, respectively, in the above equations, and using 154 

appropriate initial fluid conductivity, σ0, assumed uniform within and between the domains. 155 

This assumption is valid for conservative transport of the ionic tracer, an assumption that 156 

could be violated in some circumstances (e.g., reactive transport) [Singha et al., 2011], none of 157 

which are expected here. 158 

In Step 6 (Figure 2), we find the effective bulk conductivity of the pore network for 159 

time-varying mobile- and immobile-domain fluid conductivities, which are assigned based on 160 

the synthetic column experiment in Step 5. Fluid conductivity varies spatially within the 161 

network according to the dual-domain zonation (Step 4) but is homogeneous within the 162 

mobile domain and homogeneous within the immobile domain. In this way, we conceive the 163 

pore network as a representative elementary volume and fluid conductivity as binary at each 164 

time step, as required in Section 4, where we evaluate averaging behavior for a dual-domain 165 

system. For the single, homogenous fluid conductivity required for the immobile domain, we 166 

use a volume-weighted arithmetic average over the N=10 immobile domains considered:  167 
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im = ∑ im, im, / ∑ im,  .    (S11) 168 

The pore-network electrical problem is mathematically identical to the hydraulic 169 

problem, but with conductances given by Ohm’s Law in lieu of Hagen-Poiseuille. Electrical 170 

conductance, , for a pipe of rectangular cross section is given by  171 = ⁄ + 2 + Σ ⁄ ,    (S12) 172 

where  is the fluid conductivity [S/L] and Σ  is surface conductance [S], which tends to 173 

increase with fluid conductivity [e.g., Revil et al., 1999; Leroy and Revil, 2004; Revil and Skold, 174 

2011]. The electrical-conduction problem is the well-known Kirchoff circuit problem for a 175 

network of resistors, in which nodal voltages and resistor currents are found by solving a linear 176 

system based on conservation and Ohm’s Law. Here, we focus on electrolytic conduction and 177 

leave the effect of surface conduction to future work, thus neglecting the second term of 178 

Equation S12.  179 

S2. Additional petrophysical models 180 
In the main text, we present and focus on a petrophysical formulation for dual-domain 181 

media based on differential effective media (DEM) theory. As explained in the main text, the 182 

bicontinuum model [Singha et al., 2007] and other models that apply Archie’s Law to an 183 

effective fluid conductivity are not rigorously correct, as they assume a single formation factor 184 

for the two domains. Indeed, the application of a single formation factor to harmonic and 185 

arithmetic averages calculated for fluid conductivity fails to bound the PNM simulation 186 

(Figure S1a). Although the DEM model developed in the main text accurately reproduces the 187 

PNM simulations, other petrophysical models, based on alternative averaging approaches are 188 

possible. Here, we consider (1) the generalized power mean, which encompasses the 189 

harmonic, geometric, and arithmetic means as well as behavior intermediate to those three 190 
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models, (2) the model of Pride [1994], and (3) the model of Glover [2000]. We demonstrate that 191 

the latter two models are functionally identical. 192 

Applying the generalized power mean to bulk conductivities, we obtain the model:  193 

 = ⁄ + ⁄ 1 − / ,   (S13)  194 

where =  and  =  are formation factors found by using the PNM to calculate 195 

the relation of fluid-to-bulk conductivity for networks comprising only class 1 pores, and only 196 

class 2 pores, respectively; 1  and 2  are the internal porosities of material 1 and 2, 197 

respectively; and  is the volume fraction of material 1 in the dual-porosity model, such that 198 

m =  and im= . Although in principle the power mean provides flexibility to 199 

reproduce a range of averaging behavior by varying p, Equation S13 only reproduces Archie’s 200 

Law when =  subject to the constraint that p satisfies: 201 + =  ,     (S14) 202 

where F is the formation factor calculated for the dual-domain system as a whole. For the 203 

example considered here, p=0.08, which is close to the geometric mean. Compared to 204 

Equation 2 (the bicontinuum model), this model better approximates the PNM results (Figure 205 

S1b), with the relative mean absolute errors of 4% and 0.25% for the lower and upper limbs of 206 

the hysteresis curves, respectively, where the errors are evaluated at 100 equally spaced points 207 

in terms of fluid conductivity; however, the DEM model provides a superior fit to both limbs, as 208 

reported in the main text. 209 

As a second alternative to Equation 2, we adapt the volume-averaging model of Pride 210 

[1994] for permittivity (see his Equation 253) to the dual-domain conductivity problem by 211 

volume averaging the two domains’ bulk conductivities:  212 

 = ⁄ + ⁄ 1 − ,   (S15) 213 
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where r plays a role similar to Archie’s cementation exponent (i.e., it depends on the extent to 214 

which current paths in the mobile domain are obstructed by the immobile domain). This 215 

equation is only strictly valid when the current flow paths in the system are determined solely 216 

by the electrical conductivity of the mobile domain. As for Equation 6, it is possible to 217 

determine a value of, r, for which Archie’s Law is obtained when the fluid conductivities are in 218 

equilibrium ( = ); thus r is effectively constrained to: 219 

=  .     (S16) 220 

For the example considered here, r=1.36. Compared to Equation 2, this model better 221 

approximates the PNM results (Figure S1b), with the relative mean absolute errors of 8.0% 222 

and 1.9% for the lower and upper limbs of the hysteresis curves, respectively; however, the 223 

DEM model provides a superior fit to both limbs, as reported in the main text. We note that the 224 

popular two-phase model of Glover et al. [2000] is functionally equivalent to the simpler model 225 

of Pride et al. [1994], as shown subsequently. 226 

S3. Surface conduction  227 
Although surface conduction is neglected here for simplicity, its importance for many 228 

geologic materials is well recognized [e.g., Revil et al., 1999]. In analysis of the zeolite data, 229 

Briggs et al. [2014] calculated the surface conductivity by establishing multiple equilibrium 230 

conditions ( m = im) in the column, fitting a line to the bulk vs. fluid conductivity relation, 231 

and identifying the y intercept as surface conductivity; this effect was assumed to be a 232 

constant and removed from the data, as has been done in numerous past studies.   233 

Inclusion of surface conduction in the PNM is straightforward, as shown in Equation 234 

S12, assuming (1) electrolytic and surface conduction act in parallel, and (2) surface 235 

conduction is independent of fluid conductivity, although the latter assumption could be 236 

relaxed [e.g., Revil et al., 1999; Leroy and Revil, 2004; Revil and Skold, 2011].  237 
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Surface conduction can be incorporated into the petrophysical models presented here 238 

using any of several approaches, the simplest being to represent the bulk conductivity of each 239 

class of pores as electrolytic and surface conduction acting in parallel, analogous to the model 240 

for pipe conductance in the PNM (Equation S12); thus, in Equations 3, S13, and S15, we 241 

would substitute the quantities ⁄ +  and ⁄ +  for  ⁄  and ⁄ , 242 

respectively, where  is surface conductivity [S/m], assumed uniform between domains. 243 

Alternatively, surface conductivity could be allowed to differ between the classes of pores. 244 

More complex formulations are possible. For example, surface conduction could be 245 

incorporated in the DEM model through an additional embedding step, to embed the surface 246 

conductor within the bulk conductivity calculated by Equation 6. We emphasize that a large 247 

body of research on surface conduction exists, and additional experiments and modeling are 248 

required to investigate the appropriate representation of surface conduction in pore-network 249 

simulation of dual-domain media.  250 

S4. Equivalence of Pride [1994] and Glover [2000] models  251 
 The two-phase Archie model of Glover et al. [2000], using that author’s notation, 252 

represents the effective conductivity, effσ , of a mixture of two conducting materials with 253 

volume fractions 1χ  and 2χ , and respective conductivities 1σ  and 2σ as 254 

σ eff = 1− χ2( ) pσ1 + χ2
qσ 2  ,     (S17) 255 

where p and q are phase exponents satisfying the constraint that effective conductivity 256 

reduces to the first term in Equation S17 when 02 =σ  and the second term in Equation S17 257 

when 01 =σ ; thus, p is constrained to: 258 

p = 1− χ2
q( ) 1− χ2( ) .      (S18) 259 
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The model of Pride [1994] written for two phases and using the notation of Glover et al. [2000] 260 

is 261 

( ) 2212eff 1 σχσχσ qq +−= ,     (S19) 262 

with no individual constraints on the phase exponent, m, although by definition the volume 263 

fractions must sum to 1. 264 

 For the model of Glover et al. [2000] (Equation S17) to be equivalent to the model of 265 

Pride [1994], would require satisfaction of the condition: 266 

1− χ2( ) p = 1− χ2
q( )  .     (S20) 267 

Solving Equation S20 for p, we arrive at the constraint of Equation S18, which of course is 268 

inherent to the model of Glover et al. [2000] and always satisfied; hence the models are 269 

functionally equivalent. The formulation of Pride [1994] is clearly simpler, i.e., it has no 270 

constraint equations and only one parameter. 271 

 272 
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 321 

 322 

Figure S1. (a) PNM simulation of bulk conductivity and petrophysical predictions based on 323 
application of a single formation factor to the weighted arithmetic (bicontinuum), geometric, 324 
and harmonic mean fluid conductivities for the dual domains, revealing problems associated 325 
with this approach; and (b) PNM simulation of bulk conductivity and petrophysical predictions 326 
based on the bicontinuum model, the model of Pride [1994], and the power mean (Equation 327 
S13).    328 
 329 
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