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Abstract. Time-lapse geophysical measurements are widely used to mon-4

itor the movement of water and solutes through the subsurface. Yet, com-5

monly used deterministic least-square inversions typically suffer from rela-6

tively poor mass recovery, spread overestimation, and limited ability to ap-7

propriately estimate nonlinear model uncertainty. We describe herein a novel8

inversion methodology designed to reconstruct the three-dimensional distri-9

bution of a tracer anomaly from geophysical data, and provide consistent un-10

certainty estimates using Markov chain Monte Carlo simulation. Posterior11

sampling is made tractable by using a lower-dimensional model space related12

both to the Legendre moments of the plume and to predefined morpholog-13

ical constraints. Benchmark results using cross-hole ground penetrating radar14

travel times measurements during two synthetic water tracer application ex-15
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periments involving increasingly complex plume geometries show that the16

proposed method not only conserves mass, but also provides better estimates17

of plume morphology and posterior model uncertainty than deterministic in-18

version results.19
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1. Introduction

Numerical inversion of time-lapse geophysical data has found widespread application to20

image temporal changes of geophysical properties caused by mass transfer through porous21

and fractured media, such as water movement in the vadose zone [e.g., Daily et al., 1992;22

Binley et al., 2002; Doetsch et al., 2010] and solute transport through aquifers [e.g., Day-23

Lewis et al., 2003; Singha and Gorelick , 2005; Day-Lewis and Singha, 2008]. Various24

studies have shown that such hydrodynamic characterization of the subsurface using geo-25

physical data can be much enhanced, compared to traditional geophysical analysis, if the26

inversion is directly constrained or coupled with hydrological properties, processes or in-27

sights. In this way, geophysical data are used to explore the permissible parameter range28

of a model describing hydrological properties or some aspect of flow or solute transport,29

using known or jointly estimated petrophysical relationships [e.g., Kowalsky et al., 2005;30

Hinnell et al., 2010; Huisman et al., 2010; Irving and Singha, 2010; Scholer et al., 2011].31

Commonly used smoothness-constrained deterministic inversions used to image plume32

targets typically exhibit difficulty to accurately resolve plume mass and spread [e.g.,33

Singha and Gorelick , 2005; Day-Lewis et al., 2007; Doetsch et al., 2010]. Such inverse prob-34

lems can be reformulated to conserve mass and to yield recovered plumes that are more35

compact [e.g., Ajo-Franklin et al., 2007; Farquharson, 2008], but they do not appropriately36

consider model nonlinearity during the inference of subsurface properties. Also, geophysi-37

cal data are known to most frequently contain insufficient information to uniquely resolve38

spatially varying subsurface properties at a high spatial resolution, which means that39

multiple solutions that fit the data equally well are possible. Ideally, (hydro)geophysical40
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inversion methods should consider this inherent non-uniqueness and provide an ensemble41

of model realizations that accurately span the range of possible (hydro)geophysical inter-42

pretations, with probabilistic properties that are consistent with the available data and43

prior information [e.g., Mosegaard and Tarantola, 1995; Ramirez et al., 2005].44

We present a novel stochastic inversion method to recover three-dimensional tracer dis-45

tributions from time-lapse geophysical data, and provide consistent estimates of model46

uncertainty within a Bayesian framework. This approach employs a lower-dimensional47

model parameterization related to the Legendre moments of the plume [Teague, 1980;48

Day-Lewis et al., 2007]. During the inversion, the proposed moments are mapped into49

a tracer distribution (e.g., moisture content) which is subsequently transformed into a50

geophysical model (e.g., radar wavespeed) using a petrophysical relationship. The geo-51

physical model response (e.g., first-arrival travel times) is then simulated and compared52

with measurement data. To make sure that we accurately mimic expected plume mass53

and morphology, we do not work directly with the Legendre moments, but instead sample54

the null space of the singular value decomposition (SVD) of a matrix containing pre-55

described mass and morphological constraints. This further reduces the dimensionality56

of the permissible model space thereby allowing for Markov chain Monte Carlo (MCMC)57

simulation to explore the posterior distribution of the plume geometry. We illustrate our58

method with two synthetic vadose zone water tracer application experiments involving59

increasingly complex plume shapes that are sampled using different amounts of cross-hole60

ground penetrating radar (GPR) travel time data. We compare and evaluate our results61

against both classical least-squares and compact mass-conservative deterministic inversion62
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results. To the best of our knowledge, this is the first mass-conservative MCMC inversion63

of three-dimensional (3D) tracer transport using time-lapse geophysical data.64

This paper is organized as follows. Section 2 presents the theoretical concepts underlying65

the proposed inversion approach. In section 3, we evaluate our method against state-of-66

the-art deterministic inversion techniques for a synthetic experiment involving a moisture67

plume with a relatively simple form similar to Doetsch et al. [2010]. This is followed in68

section 4 by an application to a much more heterogeneous moisture plume. Then, section69

5 discusses important aspects that influence the performance of the method and suggests70

some further developments. Finally, section 6 draws conclusions about the presented71

work.72

2. Inversion Methodology

This section describes the inversion methodology developed herein. We first provide a73

detailed mathematical description of the Legendre moments and the singular value de-74

composition (SVD) approach used to describe, as closely and consistently as possible, the75

observed plume with the fewest possible number of model parameters. A brief overview of76

the MT-DREAM(ZS) algorithm and likelihood function used to sample the posterior pa-77

rameter distribution is subsequently given. This section then concludes with a description78

of the deterministic geophysical inversion methods used to benchmark our results.79

2.1. Background of Legendre Moments

Geometric moments are commonly used to characterize geophysical or geophysically-80

derived plumes [e.g., Singha and Gorelick , 2005; Day-Lewis et al., 2007]. The zero-order81

moment measures the total mass, the first-order moments describe the center of mass,82
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the second-order moments are related to the spread, and higher order moments charac-83

terize morphological features of non-Gaussian plumes. The geometric moments, µ, of a84

uniformly discretized three-dimensional image θ of size nx, ny, and nz, for which xi, yi,85

and zi are the spatial coordinates of the center of grid element i, are given by86

µp,q,r =
(2p+ 1)(2q + 1)(2r + 1)

8

nx×ny×nz∑
i=1

xp
i y

q
i z

r
i θi∆x∆y∆z, (1)87

where p, q and r are the moment order in the x, y, and z directions, respectively, and ∆x,88

∆y and ∆z represent the voxel dimensions.89

Moments-based image reconstruction has extensively been investigated in the past sev-90

eral decades, and remains an active area of research today [Milanfar et al., 1996; Gustafs-91

son et al., 2000; Pidlisecky et al., 2011]. Image reconstruction from orthogonal moments92

was first proposed by Teague [1980] for compact image description and reconstruction.93

Orthogonal moments have been found to provide more accurate reconstructed images94

than non-orthogonal geometric moments because higher-order geometric moments con-95

tain redundant information and show significant correlations [e.g., Teague, 1980; Shu et96

al., 2006]. In the Teague [1980] framework, orthogonal polynomials serve as basis functions97

for the orthogonal moments. Various possible orthogonal polynomials exist, for example:98

Hermite, Legendre, Jacobi, Laguerre, and Chebyshev polynomials [e.g., Chihara, 1978].99

Of particular relevance to our work is the application of Legendre moments in the context100

of cross-hole geophysical inversion by Day-Lewis et al. [2007]. The Legendre moments, λ,101

of θ are given by102

λp,q,r =
(2p+ 1)(2q + 1)(2r + 1)

8

nx×ny×nz∑
i=1

Pp(x
′

i)Pq(y
′

i)Pr(z
′

i)θi∆x
′
∆y

′
∆z

′
, (2)103
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where x
′
, y

′
and z

′
signify the transformed model coordinates on a unit-square grid:104 [

−1 ≤ x
′
, y

′
, z

′ ≤ 1
]
, ∆x

′
, ∆y

′
and ∆z

′
represent the voxel dimensions of the unit-square105

grid, and Pp(x
′
i) denotes the Legendre polynomial of order p evaluated by numerical106

integration over cell i in the x-direction. We can rewrite equation (2) in matrix notation107

λ = Pθ, (3)108

where P includes the Legendre polynomial products on the three-dimensional unit grid.109

Note that coordinate transformation to the unit grid is required to preserve the orthogo-110

nality of λ. The geometric moments, µ, and λ are linearly related through the invertible111

matrix L and B such that: µ
′
= L−1λ, and µ = B−1µ

′
, where µ

′
are geometric moments112

defined over the unit grid [Day-Lewis et al., 2007].113

We can reconstruct θ from its orthogonal Legendre moments at a given resolution114

defined by a truncated Taylor-series expansion [Teague, 1980]115

θreci =
Omax∑
p=0

Omax∑
q=0

Omax∑
r=0

λp,q,rPp(x
′

i)Pq(y
′

i)Pr(z
′

i), (4)116

where the superscript rec stands for “reconstructed” and Omax is the maximum order of117

moments used for the reconstruction. Equation (4) can be recast in matrix form118

θrec = Γλ, (5)119

where Γ contains the polynomial product coefficients of the orthogonal moments. By120

setting npqr = [(max(p) + 1)× (max(q) + 1)× (max(r) + 1)], then Γ is (nx× ny × nz)×121

npqr, and element Γpqr,i is given by the product: Pp(x
′
i)× Pq(y

′
i)× Pr(z

′
i).122

2.2. Tracer Characterization Using Constrained Legendre moments

We assume that the initial model θ0 is known and has a forward response d0 for a123

given experimental configuration. The change in geophysical response at some time t124
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after application of the tracer, ∆d = dt − d0, is then used to infer the λ vector from125

∆θ = θt−θ0, up to a predefined order in each spatial dimension. We can thus potentially126

reconstruct θt = θ0+∆θ with a significantly reduced parameter dimensionality: from the127

original dimensionality of nx× ny× nz to a much lower dimensionality of npqr. However,128

many different models, θ, will likely exist that honor the experimental data, but do not129

necessarily conserve mass and may show aberrant shapes. To exclude such models, we130

introduce a transformed model space, which only contains models that conserve mass and131

honor prior constraints on plume morphology. Note that the constraints considered in this132

study are that the plume magnitude should be zero at the boundaries of the model domain,133

but could also include different levels of prior information, such as borehole logging data.134

Conservation of mass can be enforced by defining the first Legendre moment, λ0,0,0, as135

λ0,0,0 =
Vapp

8
× ∆x

′

∆x

∆y
′

∆y

∆z
′

∆z
, (6)136

where Vapp (m3) signifies the total volume of the applied tracer.137

A system of equations Aλ = c can be defined that includes equation (6) and the138

restriction that ∆θx,y,z = 0 along the six faces of the three-dimensional grid. Hence, if139

Ncons is the total number of the mass constraint and the prescribed ∆θx,y,z = 0 constraints140

at the grid’s corners and along edges and sides of the grid, then matrix A is Ncons × npqr141

and c is Ncons × 1.142

To honor Aλ = c in the MCMC sampling, we use a Singular Value Decomposition143

(SVD) of A144

A = USVT , (7)145

where U is an Ncons × Ncons orthogonal matrix with columns that are unit basis vectors146

spanning the space of constraints imposed in c, V is a npqr ×npqr orthogonal matrix with147
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columns that are basis vectors spanning the model space, and S is an Ncons×npqr diagonal148

matrix with singular values given as diagonal elements sorted in decreasing order. To avoid149

including numerical artifacts within the model space, we only retain those k singular values150

of the SVD of A that have a ratio larger than 1×10−6 with respect to the largest singular151

value. For the examples considered herein, this ratio corresponds to the point at which152

singular values suddently drop over 15 orders of magnitude to a plateau around 1×10−14.153

This leads to the following pseudo-inverse solution, λ∗, of Aλ = c154

λ∗ = VkS
−1
k UT

k c, (8)155

where Vk, Sk and Uk are of dimension npqr × k, k × k and Ncons × k, respectively. The156

general solution of Aλ = c is given by [e.g., Aster et al., 2005]157

λ = VkS
−1
k UT

k c+V0α, (9)158

where the columns ofV0 (npqr×(npqr−k)) span the model null space and α is a (npqr−k)×1159

vector with the model null space coefficients. By inferring the α coefficients through160

MCMC sampling, we can reconstruct a distribution of λ that systematically honors the161

specified model constraints and the geophysical data. An added benefit of inferring α162

instead of λ is the further dimensionality reduction of the inverse problem from npqr to163

(npqr − k).164

To help resolving small plumes with simple shapes without resorting to higher order mo-165

ments, we add six shape parameters, β, that define the sub-region containing the plume.166

The β parameters are the indices of the first and last sub-grid elements in the x, y, and167

z directions: β = [xsub,start, xsub,end, ysub,start, ysub,end, zsub,start, zsub,end]. Using these param-168

eters makes it necessary to re-scale the mass constraint over the new sub-grid: λ0,0,0 =169
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Vapp

8
× ∆x

′

∆xsub

∆y
′

∆ysub

∆z
′

∆zsub
, with, for example, ∆xsub = ∆x× [xsub,end − xsub,start + 1] /nx.170

For numerical efficiency, we compute Γ only once using the largest grid in which any171

possible anomalous region is expected to be contained. Before calculating the geophysi-172

cal response, the proposed change in moisture variation, ∆θ, is then linearly interpolated173

from the finer mesh of the anomalous sub-grid (∆xsub, ∆ysub, ∆zsub) to the coarser original174

mesh covering this region (∆x, ∆y, ∆z).175

2.3. Inference of Tracer Distribution Using MCMC Simulation of GPR Travel

Times

If we denote the vector of model parameters with b = [α,β], then each b vector defines176

a three-dimensional soil moisture distribution, θ (m3 m−3), which can be converted into177

a geophysical model (e.g., a radar wavespeed model, v (m s−1)), using a petrophysical178

relationship (e.g., the complex refractive index model: CRIM [Birchak et al., 1974]). The179

petrophysical parameters can either be fixed a-priori or jointly estimated with b. The180

GPR travel times d considered herein are calculated from v through a finite-difference181

algorithm [Podvin and Lecomte, 1991].182

We adopt a Bayesian viewpoint, and estimate the posterior distribution of b using183

a distributed computing implementation of the MT-DREAM(ZS) algorithm [Laloy and184

Vrugt , 2012]. This MCMC algorithm uses DREAM [Vrugt et al., 2009] as its main building185

block, but implements multi-try proposal and sampling from an archive of past states to186

further accelerate convergence to a limiting distribution. We use three different Markov187

chains with three to five parallel proposal points in each individual chain depending on188

processor availability. We assume a uniform prior distribution for all dimensions of b and189

use the following standard Gaussian log-likelihood function, ℓ(d̂,ξ|b), to summarize the190
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fit between measured d̂j and geophysical model predicted dj(b,ξ); j = 1, . . . , N travel191

times192

ℓ
(
d̂,ξ|b

)
∝ −N

2
ln (2π)− N

2
ln
(
σ2
e

)
− 1

2
σ−2
e

N∑
j=1

(
dj(b,ξ)− d̂j

)2

, (10)193

where σe denotes the standard deviation of the measurement data error, and ξ represent194

the initial and boundary conditions of the geophysical model. After convergence has been195

achieved, MT-DREAM(ZS) returns a large number of posterior samples from ℓ(d̂,ξ|b).196

In addition, models that violate physical constraints by containing soil moisture values197

larger than porosity, ϕ, or smaller than zero are assigned a very low log-likelihood. Indeed,198

the constraints in c preserve mass and pre-specified morphological features, but do not199

prevent the generation of models containing values at one or more voxels that are negative200

or exceed porosity.201

2.4. Classical and Mass Conservative Deterministic Inversions

The performance of the MCMC inversion methodology presented in sections 2.1-2.3 is202

compared with results obtained by two different deterministic geophysical inversion ap-203

proaches. In this particular case, the inverse problem is formulated to solve for the radar204

slowness (slowness is the inverse of velocity), s, finely discretized on a three-dimensional205

Cartesian grid. The standard deterministic least-square difference inversion uses an ob-206

jective function, OF, of the form207

OF = (d′
t − g (st))

T
C−1

d (d′
t − g (st)) + ρ1 (st − s0)

T C−1
m (st − s0) , (11)208

where d′
t = dt − r0, with r0 being the final residual vector obtained when inverting the209

background data set, d0 [e.g., LaBrecque and Yang , 2001], g (st) is the forward model210

response, Cd is the data covariance matrix (assumed to be described by an uncorrelated211
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Gaussian function with constant variance, σ2
e , ρ1 is a trade-off parameter that determines212

the weight given to the model regularization term, s0 is the reference slowness model213

obtained by inverting d0, and Cm is the model covariance matrix. The inverse problem214

is herein solved at each iteration p + 1 by successive linearization around the previous215

model sp = s0 +∆sp. The system of equations is solved in a least-squares sense using the216

iterative conjugate gradient algorithm LSQR [Paige and Saunders , 1982]217 [
C−0.5

d Jp

ρ1C
−0.5
m

]
[∆sp+1] =

[
C−0.5

d (d′
t − g (sp) + Jp∆sp)

0

]
, (12)218

with Jp being the sensitivity (i.e., the Jacobian) matrix at sp. The regularization operator,219

C−0.5
m , is based on an exponential covariance function and calculated following Linde et220

al. [2006]. The inversion proceeds by logarithmically decreasing ρ1 at small steps from a221

very large value until a model is found that explains the data, as defined by a WRMSE222

of 1.0± 0.01, with WRMSE defined as223

WRMSE =

√√√√ 1

N

N∑
i=1

(di
′ − gi (sp+1))

2

σ2
e

, (13)224

with gi (sp+1) being the forward response of data element i for model sp+1 = s0 +∆sp+1.225

In the following, we refer to the inversion results using this methodology as DET.226

Least-square inversions of weakly nonlinear inverse problems have generally excellent227

convergence characteristics, but commonly used objective functions that penalize model228

structure with l2-norm measures tend to provide models with overly smooth contrasts229

[e.g., Ellis and Oldenburg , 1994]. One way to obtain more compact models, while still230

relying on gradient-based methods, is to add a reweighting matrix to equation (12), which231

forces the inversion to seek models that approximately minimize other norms, such as the232

l1-norm. To do so, we define a measure of model structure as xp = C−0.5
m ∆sp. Using the233
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perturbed Ekblom lp-norm to mimic the l1-norm gives rise to the following entries in the234

diagonal reweighting matrix [e.g., Farquharson, 2008]235

Rii =
(
x2
p,i + γ2

p

)−0.5
, (14)236

where γp signifies a small value with respect to regions in which xp is large and a suitable237

choice is γp = |xp|. To make a fair comparison with the MCMC inversion results, we also238

include mass-constraints and strongly penalize entries in ∆sp+1 that are negative (i.e.,239

indicating unphysical decreases in moisture following the water application). The relation240

between s and moisture content, θ, can be expressed using (1) s =

√
κ

cl
that describes241

how radar slowness is related to the effective relative permittivity, κ, and cl the speed of242

light in a vacuum, and (2) a suitable petrophysical model, such as the CRIM equation243

[Birchak et al., 1974]244

√
κ = (1− ϕ)

√
κs + θ

√
κw + (ϕ− θ)

√
κa, (15)245

where κ(·) represent the relative permittivity of the sediment grains (s), water (w), and246

air (a). Combining s =

√
κ

cl
and equation (15) for an update ∆θ gives:247

∆s = ∆θ

√
κw −√

κa

cl
, (16)248

which expresses a linear relationship between ∆s and ∆θ through a well-defined and249

constant scaling factor. Equation (16) implies that water mass constraints can be added250

to an update ∆s through a constraint in the inversion that only assumes that the functional251

form of the CRIM equation is correct.252

D R A F T May 15, 2012, 4:25am D R A F T



LALOY ET AL.: MASS CONSERVATIVE 3-D HYDROGEOPHYSICAL INVERSION WITH MCMC X - 15

The iterative reweighting, mass-constraints, and positivity constraints can be combined253

in a new least-square problem to minimize, at each iteration, similarly to equation (12)254 
C−0.5

d Jp

ρ1RpC
−0.5
m

ρ2f
T

ρ3Hp

 [∆sp+1] =


C−0.5

d (d′
t − g (sp) + Jp∆sp)

0

ρ2Vinj

√
κw −√

κa

c
0

 , (17)255

where the new trade-off parameters ρ2 and ρ3 are chosen by trial and error to assure256

that the constraints are fulfilled within a given tolerance (e.g., that the mass is conserved257

within four significant digits). The vector f contains entries ∆x∆y∆z for all elements.258

The number of rows in Hp corresponds to the number of negative entries in ∆sp and each259

row contains zeros, except an entry of 1 corresponding to one of the negative entries. The260

stopping criterion is the same as for the classical deterministic difference inversion. In the261

following, we refer to the inversion results using this methodology as DET-ME.262

One way to assess the sensitivity of the final solution to data errors is to perform an263

additional iteration after finding the final model in which the residual vector, d′
t − g (sp),264

is replaced with a random vector with the same distribution as the assumed error. By265

repeating this procedure for many realizations of the random error field it is possible to266

statistically determine the model error arising from the data errors [e.g., Alumbaugh and267

Newman, 2000].268

3. Homogeneous Soil Plume

3.1. Dense Data Set

Our first case study considers a synthetic, relatively homogeneous plume similar to269

Doetsch et al. [2010] arising from water tracer injection in the vadose zone. We discretized270

the model domain of 6 m by 6 m (in the x-y plane) and a 10 m depth range into 360,000271
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cubic voxels with side length of 0.1 m. The porosity was assumed to be uniform at 0.32272

and the initial moisture distribution at t = 0 is at hydraulic equilibrium with increasing273

saturation from the surface to the bottom (see background trend in Figure 1a). Then,274

during a period of three days, 1.704 m3 of water was injected at x = 2 m, y = 2 m,275

and z = 3.5 - 4 m, forming a well defined plume at the end of the injection (Figure 1a).276

We simulated synthetic GPR traveltime data from four fully penetrating boreholes with277

spatial coordinates (1) x = 1.2 m; y = 1.2 m, (2) x = 1.2 m; y = 4.8 m, (3) x = 4.8278

m; y = 1.2 m, and (4) x = 4.8 m; y = 4.8 m. Multiple offset gathers between the six279

possible borehole planes were calculated using 0.3 m intervals between antenna positions280

over the depth range 1.5 - 9 m below ground level for geometries with angles between281

the transmitting and receiving antennas within ± 45◦ from the horizontal. The resulting282

travel time data set comprised N = 5103 observations, which were subsequently corrupted283

with a zero-mean Gaussian noise with standard deviation, σe, of 1 ns. Throughout the284

remainder of this paper, the wording “original” is used to refer to this N = 5103 travel285

time data set. We assumed that the petrophysical model was known and we used the286

same parameters as in the CRIM equation (equation (15)), namely κs = 5, κa = 1 and287

κw = 81.288

We applied our inversion for orders 2 to 5 in each spatial dimension, and allowed, for289

each order, a maximum computational time equivalent to 30,000 times the time needed290

to build a proposal model and perform the subsequent forward solver call (approximately291

40 seconds, a so-called Computational Time Unit or CTU). Characteristics of these292

MCMC runs are summarized in Table 1, which lists in separate columns the problem293

dimensionality, prior parameter range, acceptance rate, and convergence criteria of Raftery294
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and Lewis [1992] and Gelman and Rubin [1992]: RL and R̂CTU , respectively [see Laloy295

and Vrugt , 2012, for details]. The lowest order model converges rapidly and exhibits a296

relatively high acceptance rate of proposal points in the different Markov chains. Higher297

orders (i.e., more model parameters) improve the data fit, but at the expense of a larger298

computational time needed to derive the posterior distribution of b.299

Figures 1b - d and 2b - d present slices of the most likely models obtained for orders 2,300

4, and 5. Table 2 lists the corresponding image statistics, such as mass conservation error,301

error in center of mass, spread, and the RMSEθ that quantifies the difference between302

the true moisture plume and the most likely models. We find that the tracer mass is303

conserved for all orders within a negligible error level. This is not the case for classical304

deterministic inversion models that may show mass balance violations above 50% [e.g.,305

Binley et al., 2002; Day-Lewis et al., 2007; Doetsch et al., 2010]. The center of mass is306

very well approximated for all orders with an error ranging from 0.05 to 0.07 m. Although307

none of the considered models perfectly reproduce the original image, order 4 and 5 both308

represent the plume morphology quite well with a RMSEθ of 0.005 [m3 m−3] and WRMSE309

of about 1.01 and 1.00, respectively.310

To benchmark our results, we performed both a classical least-square deterministic311

inversion (see equations (11 - 12)) and a compact mass conservative deterministic inversion312

(see equations (14 - 17)). These optimization methods are sequential and one forward run313

thus consumes one CTU , and fitting the data to the error level typically requires 5-314

10 CTU . The resulting moisture models are shown in Figures 1e - f and 2e - f with315

corresponding plume statistics summarized in Table 2. The least-square deterministic316

plume (DET) underestimates the actual mass with 6%, exhibits a 0.17 m error in center317
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of mass, and over-estimates plume spread with 73%. While the compact mass-enforced318

inversion (DET-ME) perfectly conserves mass, it presents an increased error in the center319

of mass of about 0.32 m, over-estimates spread with 53% and shows about a twice as320

high RMSEθ compared to the most likely models of orders 4 and 5. Such degraded 3D321

morphological approximations from deterministic inversions are not suprising as one can322

mainly expect to resolve information on plume shape along the GPR borehole planes323

only, whereas the deterministic models in the surroundings region are strongly affected324

by the regularization used. Hence, at x = 2 m (Figure 1), one of the diagonal borehole325

planes crosses the center of the plume and its shape is therefore rather well constrained by326

the data, while the measured data carry no information about zones where none of the 6327

borehole planes hits the plume. This is illustrated in Figure 2, where the deterministic two-328

dimensional vertical representations of the plume at x = 3 m are quite poor, especially for329

the mass-constrained inversion (DET-ME) which spreads mass all around. In constrast,330

by including the size of the anomaleous subregion (β vector) in the optimization problem331

and using fewer model parameters, our stochastic inversion approach enforces significant332

mass concentration in areas with no ray coverage.333

Figure 3 presents histograms of the marginal posterior moisture distribution corre-334

sponding to orders 2 to 5 at two different locations in the spatial domain. The posterior335

soil moisture uncertainty becomes larger with increasing parameter dimensionality: from336

nearly 0% (in moisture content) for order 2 to about 7% for order 5 at x = 3 m, y = 2 m337

and z = 4 m. This provides a nice illustration of the well-known trade-off between model338

resolution and variance in inverse problems [e.g., Jackson, 1972]. The solution for order339

2 is very well resolved and the corresponding acceptance rate is relatively high: almost340
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28%. For this order, we sample only the six shape parameters of β as the model null341

space contained in α is empty. For higher orders, we find that the moisture uncertainty is342

overall larger at x = 3 m, y = 2 m and z = 4 m (Figures 3e-h) than at x = 2 m, y = 2 m343

and z = 4 m (Figures 3a-d), highlighting that posterior uncertainty increases at locations344

with no ray coverage. At the former location, orders 4 and 5 denote uncertainties of 6%345

and 7% in moisture, respectively, compared with 3% and 4% for the latter location.346

The order 4 and 5 histograms encapsulate the true soil moisture values (indicated with347

the “×” symbol), though at the margin of the distributions. This deviation is the ef-348

fect of model structural deficiencies introduced by an insufficient number of parameters349

to perfectly characterize the observed plume. Indeed, we can only expect to recover a350

decomposed version of the true soil moisture model at the considered order (see equation351

(4)). Hence, the higher the order, the better the potential approximation, but also the352

more difficult the MCMC sampling problem and the larger the resulting model uncer-353

tainty. Using the most likely β parameters, one can compute the truncated true plume354

for each order considered. Doing so, it is observed (not shown) that the order 4 and 5355

truncated true images look visually very similar to the true plume. Yet, the truncated356

true plumes of order 2 to 5 systematically violate physical constraints with a small per-357

centage of voxels whose moisture values exceed porosity, thus leading to the automatic358

elimination of such models in the MCMC search (see section 2.3).359

It is worth emphasizing that the moisture content values inferred from the deterministic360

inversions at the two locations investigated in Figure 3 are too far removed from their true361

values to be conveniently plotted in Figure 3: 0.268 [m3 m−3] (x = 2 m, y = 2 m and z = 4362

m) and 0.213 [m3 m−3] (x = 3 m, y = 2 m and z = 4 m) for DET, and 0.341 [m3 m−3] (x =363
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2 m, y = 2 m and z = 4 m) and 0.199 [m3 m−3] (x = 3 m, y = 2 m and z = 4 m) for DET-364

ME. With respect to the deterministic uncertainty characterization described in section365

2.4, both deterministic methods provide an estimated model error in the range of 0.5 -366

0.7% in moisture at the 2 locations. More generally, the estimated uncertainties from the367

deterministic inversions typically do not exceed 1.0%. These values are indeed very small368

given the high number of degrees of freedom associated with the deterministic inversions:369

45,000 (for numerical reasons, the full 360,000-dimensional domain was reduced by a factor370

two in each spatial direction before initiating the deterministic inversions). In comparison,371

our stochastic inversion technique reveals 3 to 4 times larger moisture uncertaintities for a372

32-dimensional search space only (order 4). The explanation for this apparent paradox is373

the tremendous influence of the model regularization term in the deterministic inversion374

that reduces the effective number of degrees of freedom quite substantially. This also375

implies that the estimated moisture values from the deterministic inversions will change376

dramatically if another regularization is used. Moreover, note that the interpretation of377

these uncertainties is fundamentally different as they quantify the impact of the data378

errors in estimating the most regularized model that fits the data.379

3.2. Sparse Data Set

The 5,103 measurement data points that were used in section 3.1 takes several hours to380

collect in the field. A long data acquisition time might induce artifacts in the inversion381

if changes in the plume occur during this time period [e.g., Day-Lewis et al., 2003]. To382

further investigate this issue, we down-sampled the original data set, and repeated the383

numerical inversions using sources and receivers placed at every 0.9 m instead of 0.3 m384
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along the boreholes. The resulting data set constitutes N = 567 travel time observations,385

roughly ten times less than the original data set used hitherto.386

Similarly as for the dense data set, Table 3 lists characteristics of the different MCMC387

trials, while Figures 4 and 5 present different slices of the most likely stochastic and388

deterministic models, and Table 4 quantifies the corresponding image statistics. For this389

example, the compact mass conservative deterministic inversion (DET-ME) does a much390

better job in mimicking the plume shape and properties than the classical least-squares391

inversion (DET), and we therefore restrict our attention to the results of DET-ME.392

Also for this case, the stochastic models better approximate the true image than the393

deterministic models. As expected, the higher order models are not as well constrained394

by the down-sampled data set as for the original data set. This is illustrated in Figure 6395

that depicts histograms of the posterior moisture uncertainty for the same two voxels as396

in Figure 3. Indeed, the N = 567 travel times lead to a much larger model uncertainty, up397

to 11.5% in moisture content for orders 4 and 5 (Figures 6g and h), which translates into398

posterior models than can take quite different shapes, while still consistently honoring the399

data (see Figure 7). This is especially true for the order 5 posterior plumes that may be400

further removed from the true tracer morphology than the much simpler order 2 inferred401

plumes (see the associated RMSEθ values of Table 4). Particularly for the lower order402

models, the use of a down-sampled data set increases the convergence speed of MCMC403

simulation with MT-DREAM(ZS). In practice, formal convergence is often difficult to404

assess. This is evident from the reported Raftery and Lewis [1992] and Gelman and405

Rubin [1992] statistics (Table 3).406

D R A F T May 15, 2012, 4:25am D R A F T



X - 22 LALOY ET AL.: MASS CONSERVATIVE 3-D HYDROGEOPHYSICAL INVERSION WITH MCMC

Compared to the marginal posterior pdfs depicted in Figure 6, the estimated moisture407

values from the deterministic inversions are again too far removed from their synthetic408

true values to be conveniently plotted: 0.324 [m3 m−3] and 0.175 [m3 m−3] at x = 2 m, y409

= 2 m and z = 4 m and x = 3 m, y = 2 m and z = 4 m, respectively. Furthermore, the410

deterministic errors remain always lower than 1%. In contrast, the arguably statistically411

more sound Bayesian inversion methodology predicts 6 to 11 times larger model parameter412

uncertainties for the 32-dimensional and 69-dimensional search spaces of orders 4 and 5,413

respectively.414

4. Heterogeneous Soil Plume

Our second case study focuses on a more heterogeneous synthetic plume, which was415

obtained by simulating water tracer infiltration in a layered unsaturated soil with the416

three-dimensional flow simulator Hydrus-3D [Šim̊unek et al., 2011]. At the beginning of417

the simulation, 1.365 m3 of water was applied to a very small surface area at x = 3 m, y418

= 3 m, and z = 0 m during the first day. This resulted in a rather complex plume shape419

two days later (Figure 8a). The same GPR setup, initial moisture distribution and data420

corruption were used as for the homogeneous soil plume in section 3.1, but the value of ϕ421

in the petrophysical model was changed to 0.41.422

Given the large morphological complexity of the plume, we only consider order 4 and 5423

using a maximum computational time budget of 30,000 CTU for each individual MCMC424

trial. In addition, both classical least-squares (DET) and compact, mass constrained425

(DET-ME) inversions were performed. Table 5 summarizes the characteristics of the dif-426

ferent MCMC trials, whereas Table 6 lists the most likely (MCMC inversion) and optimal427

(deterministic inversion) model statistics. None of the stochastic or deterministic models428
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mimic the true plume as well as for the homogeneous soil case study. Figures 8b-c and429

9b-c present two-dimensional slices of the “best” deterministic models, whereas Figures430

8d-f, 9d-f, 10b-d and 11b-d show various realizations of the order 4 and 5 posterior dis-431

tributions at similar locations. As expected, the deterministic models are overly smooth,432

whereas the stochastic models overall describe a considerable soil moisture variability.433

The two orders considered herein perform better than the deterministic inversions with434

respect to plume morphology. The center of mass estimates are indeed about three times435

better approximated by the different stochastic models compared to the DET model, and436

approximately two times better estimated compared to the DET-ME model (Table 6).437

The improvements are even much larger in terms of plume spread: the error standard438

deviations are 0.31 m and 0.09 m for orders 4 and 5, respectively, compared with 1.80 m439

for DET and 1.23 m for DET-ME (Table 6). Among the most likely stochastic models,440

order 5 provides the lowest RMSEθ (0.0085 ns), indicating that this order provides the441

most satisfying results judging from this criterion.442

Another important observation is that, although the three-dimensional posterior mois-443

ture distribution is relatively similar for each considered order (Figures 8 - 11), the associ-444

ated uncertainties are quite different and range from 6% to 8% in moisture for the orders 4445

and 5 respectively (not shown). This is considerably higher than the uncertainties derived446

with the deterministic inversions, which do not exceed 1%.447

The corresponding truncated models of the true plumes were computed using a manually448

defined anomalous subregion. This was necessary as the most likely β parameter set does449

not exactly contain the true heterogeneous soil plume. These truncated representations450

of the true model appear visually similar to the real true plume (not shown). Contrary to451
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the homogeneous soil plume, there are no voxels with moisture value exceeding porosity452

because the infiltrated amount of water is smaller and the selected medium porosity is453

larger (0.41). Also, the order 4 and 5 truncations of the true plume exhibit insufficient454

probability to be part of the posterior distribution. The order 4 and 5 truncated true455

models lead to RMSE values of 1.066 and 1.021 ns respectively, which are substantially456

removed from their counterparts estimated with the stochastic inversion that range be-457

tween 1.012 - 1.014 ns (order 4) and 1.008 - 1.010 ns (order 5). These differences may458

seem small, but with N = 5103 data points and a measurement error (σe) of 1 ns, a direct459

jump from 1.010 ns (worst solution for order 5 stochastic model) to 1.021 ns (order 5460

truncated true model) has a probability of less than 1 × 10−23, which is practically zero.461

5. Discussion

We have developed a dimensionality-reduced stochastic inversion technique that ex-462

plores the posterior distribution of a three-dimensonal tracer plume given geophysical463

data. The method conserves mass and prior morphological constraints can be included.464

This is achieved by using a state-of-the-art MCMC scheme to sample the null space of465

a matrix of constraints defined in terms of the Legendre moments of the tracer distribu-466

tion. To increase the effectiveness of the model reduction for low order moments only, we467

include the dimensions of the subregion containing the plume in the sampling along with468

other variables. To the best of our knowledge, this is the first mass-conservative MCMC469

inversion of three-dimensional tracer distribution using time-lapse geophysical data. Our470

results demonstrate that our method works well for a synthetic plume in a uniform me-471

dia, and provides encouraging results for a more complex heterogeneous soil plume. One472

assumption underlying this work is that the background model is perfectly known. This473
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assumption can be relaxed when working with real data without causing any significant474

deteriorations of the inferred changes with respect to background conditions. For real475

applications, one would use the data vector d′
t defined in section 2.4 instead of dt.476

The uncertainty estimates obtained by the proposed approach represent, for a given477

order and hence resolution, essentially all possible models that are consistent with the478

data and imposed constraints. The inherent spatial regularization implies that for most479

relevant applications, the model space will not contain the exact true model. This is an480

inherent feature of using a reduced model parameterization that needs to be considered481

when evaluating posterior model uncertainties.482

Synthetic experiments makes it possible to derive the truncated true plume for each con-483

sidered order of the Legendre moments by using the most likely or manually-determined484

shape parameters characterizing the anomalous subregion. Comparing the true truncated485

model with the derived posterior pdf could then potentially provide useful information486

about the effectiveness of the inversion. However, for the orders 2 to 5 considered herein,487

the log-likelihood of the decomposed true model is insufficient to be part of the posterior488

distribution within our Bayesian framework. This happens because of two main effects:489

(1) the presence of a small proportion of voxels within the truncated true models with490

moisture content exceeding porosity which makes them ignored in the MCMC search, and491

(2) the truncated models of the true model may result in forward simulations that do not492

fit the measurements as well as other candidate points in the permissible model space.493

In this context, it is important to realize that apparently very small changes in RMSE494

values represent very large differences in the associated log-likelihood function value. In495

general, the smaller the assumed measurement error and the higher the number of data496
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points, the peakier the log-likelihood function becomes. For example with the Gaussian497

log-likelihood function used herein with a measurement error, σe = 1.00 ns, and N =498

5,103, a value of 1.02 ns is well removed from the posterior RMSE range. This implies499

that it is very important to accurately characterize the data errors. Ideally an additional500

error term should be added that quantifies the upscaling error caused by the truncation501

at a given order. This topic is outside the scope of the present work, but needs to be502

carefully addressed in future research.503

An important question for real-world applications concerns the order to be considered.504

For real systems, one has often very limited information about the expected plume shape505

and measurement errors are typically only known approximately. Increasing the order and506

thus the degrees of freedom (parameters) of the model will help improve the data fit, but507

at the expense of an increasing risk of generating complex models that overfit the data and508

might not well approximate the true plume. Using model selection criteria, such as the509

Bayesian information criterion (BIC) [Schwartz , 1978] or the Akaike information criterion510

(AIC) [Akaike, 1974], might help resolve this trade-off. As those criteria may not always511

be valid for nonlinear forward models, marginal likelihood estimation [Gelman and Meng ,512

1998; Mackay , 2003] seems however more attractive, though computationally challenging.513

Another interesting tool for parsimonious model identification is the reversible jump or514

trans-dimensional MCMC framework [Green, 1995; Sambridge et al., 2006] in which the515

number of degrees of freedom of the model is considered as uncertain as well. Both516

approaches will be explored in future studies.517

For the examples considered herein, our results suggest that order 4 is a good com-518

promise choice for relatively simple plume shapes. For a highly heterogeneous tracer519
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distribution, order 5 appears to be preferable over order 4. Even if our parameterization520

allows for a tremendous reduction in parameter dimensionality of the inverse problem (3521

to 4 orders of magnitude) compared with the deterministic inversions, computational time522

remains an issue. Using a distributed computer network, it still typically requires from 5523

to 12 days of calculations for the MCMC sampling to appropriately converge.524

Another crucial point concerns the prior distribution of the model null space coefficients525

(α). In this work, we assumed a uniform initial distribution between -0.1 and 0.1. This526

range proved to be sufficiently large and encapsulate the posterior distribution.527

6. Conclusions

We have introduced a mass-conservative MCMC inversion to derive statistical informa-528

tion about three-dimensional tracer distributions using time-lapse geophysical data. Two529

synthetic vadose zone water tracer experiments involving increasingly complex plume530

morphologies demonstrate that the proposed method conserves mass and yields improved531

representations of plume morphology compared with state-of-the-art deterministic inver-532

sions. The posterior soil moisture uncertainties are not only found to be more realistic533

and much larger than classical deterministically-derived uncertainty estimates, but are534

also increasing with increasing order of the Legendre moments used to defined the per-535

missible model space. Notice that the proposed approach has widespread potential to536

be used for the detection of and characterization of anomalies, and is thus not limited537

to hydrogeophysics. Our future work will apply the methodology presented herein to538

real-world geophysical data from field experiments.539
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Hinnell, A. W., T. P. A. Ferré, J. A. Vrugt, S. Moysey, J. A. Huisman, and M.588

B. Kowalsky (2010), Improved extraction of hydrologic information from geophysical589

data through coupled hydrogeophysical inversion, Water Resour. Res., 46, W00D40,590

doi:10.1029/2008WR007060.591

Huisman, J. A., J. Rings, J. A. Vrugt, J. Sorg, and H. Vereecken (2010), Hydraulic592

properties of a model dike from coupled Bayesian and multi-criteria hydrogeophysical593

inversion, J. Hydrol., 380 (1-2), 62–73.594

Irving J., and K. Singha (2010), Stochastic inversion of tracer test and electrical geo-595

physical data to estimate hydraulic conductivities, Water Resour. Res., 46, W11514,596

doi:10.1029/2009WR008340.597

Jackson, D. D. (1972), Interpretation of inaccurate, insufficient and inconsistent data,598

Geophys. J. Int., 28 (2), 97-109, doi:10.1111/j.1365-246X.1972.tb06115.x599

Kowalsky, M. B., S. Finsterle, J. Peterson, S. Hubbard, Y. Rubin, E. Majer, A. Ward,600

and G. Gee (2005), Estimation of field-scale soil hydraulic and dielectric parameters601

through joint inversion of GPR and hydrological data, Water Resour. Res., 41, W11425,602

doi:10.1029/2005WR004237.603

LaBrecque, D.J and X. Yang (2001), Difference inversion of ERT data: a fast inversion604

method for 3-D in situ monitoring, J. Environ. Eng. Geophys., 6, 83-89.605

D R A F T May 15, 2012, 4:25am D R A F T



LALOY ET AL.: MASS CONSERVATIVE 3-D HYDROGEOPHYSICAL INVERSION WITH MCMC X - 31

Laloy, E., and J. A. Vrugt, High-dimensional posterior exploration of hydrologic models606

using multiple-try DREAM(ZS) and high performance computing, Water Resour. Res.,607

48, W01526, doi:10.1029/2011WR010608.608

Linde, N., A. Binley, A. Tryggvason, L. B. Pedersen, and A. Revil (2006), Improved609

hydrogeophysical characterization using joint inversion of crosshole electrical resis-610

tance and ground penetrating radar traveltime data, Water Resour. Res., 42, W12404,611

doi:10.1029/2006WR005131.612

Mackay, D. J. C. (2003), Information Theory, Inference, and Learning algorithms, 628613

pp., C.U.P., Cambridge.614

Milanfar, P., W. C. Karl, and A. S. Willsky (1996), A moment-based variational approach615

to tomographic reconstruction, IEEE Trans. Image Process., 5, 459470.616

Mosegaard, K., and A. Tarantola (1995), Monte-Carlo Sampling of solutions to inverse617

problems, J. Geophys. Res., 100 (B7), 12431-12447, doi:10.1029/94JB03097.618

Paige, C. C., M. A. Saunders (1982), LSQR: An algorithm for sparse linear equations and619

sparse least squares, Trans. Math. Software, 8, 43-71.620

Pidlisecky, A., K. Singha, and F. D. Day-Lewis (2011), A distribution-based parametriza-621

tion for improved tomographic imaging of solute plumes, Geophys. J. Int., 187 (1),622

214224, doi:10.1111/j.1365-246X.2011.05131.x.623

Podvin, P., and I. Lecomte (1991), Finite difference computation of traveltimes in very624

contrasted velocity models: A massively parallel approach and its associated tools,625

Geophys. J. Int., 105, 271–284.626

Raftery, A.E., and S.M. Lewis (1992), One long run with diagnostics: Implementation627

strategies for Markov chain Monte Carlo, Stat. Sci., 7, 493–497.628

D R A F T May 15, 2012, 4:25am D R A F T



X - 32 LALOY ET AL.: MASS CONSERVATIVE 3-D HYDROGEOPHYSICAL INVERSION WITH MCMC

Ramirez, A. L., J. J. Nitao, W. G. Hanley, R. Aines, R. E. Glaser, S. K. Sengupta, K.629

M. Dyer, T. L. Hickling, and W. D. Daily (2005), Stochastic inversion of electrical630

resistivity changes using a Markov Chain Monte Carlo approach, J. Geophys. Res., 110,631

B02101, doi:10.1029/2004JB003449.632

Sambridge, M., K. Gallagher, A. Jackson, and P. Rickwood (2006), Transdimensional633

inverse problems, model comparison and the evidence, Geophys. J. Int., 167, 528–542.634

Scholer M., J. Irving, A. Binley, and K. Holliger (2011), Estimating vadose zone hydraulic635

properties using ground penetrating radar: The impact of prior information, Water636

Resour. Res., 47, W10512, doi:10.1029/2011WR010409.637

Schwartz, G. (1978), Estimating the dimension of a model, Ann. Statist., 6, 461–464.638

Shu, H. Z., J. Zhou, G. N. Han, L. M. Luo, and J. L. Coatrieux (2006), Image recon-639

struction from limited range projections using orthogonal moments Pattern Recogn.,640

40, 670–680, doi:10.1016/j.patcog.2006.05.035.641
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Table 1. Main characteristics of the MCMC sampling runs of the homogeneous soil plume

case study for orders 2, 3, 4 and 5 using 5103 data points. Nβ and Nα are the number of inferred

β and α parameters, respectively, Priorα denotes the prior range of the α parameters, RLCTU

and R̂CTU are the number of Computational Time Units (CTU) necessary for each parameter

to converge towards the posterior target according to the Raftery and Lewis [1992] burn-in and

Gelman and Rubin [1992] convergence criteria, respectively, and AR is the mean acceptance

rate. Bounds of the uniform prior probability density function (pdf) of β are set such that the

anomalous subregion can occupy any subregion around the boreholes.

Order Nβ Nα Priorα RLCTU R̂CTU AR
×103 ×103 %

2 6 0 N/A* 0.31 2.0 28.2
3 6 7 -0.1 - 0.1 7.83 14.4 11.4
4 6 26 -0.1 - 0.1 22.62 26.8 11.1
5 6 63 -0.1 - 0.1 18.72** 1.2** 11.2
*Not applicable.
**To speed up convergence, the order 5 sampling run
was initialized with the most likely model of order 4.
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Table 2. First and second-order statistics of the true homogeneous soil moisture plume,

the most likely plumes obtained with orders 2, 3, 4, 5 and the ones obtained with the classical

least-square (DET) and compact, mass constrained and non-negative (DET-ME) deterministic

inversions using 5103 data points. Statistics derived from the the classical least-square determin-

istic inversion (DET) rely on a somewhat arbitrarily defined cutoff value of +1.6%, that is, 1/10

of the generated maximum ∆θ value. As mass conservation is enforced through a penalty term

within the objective function for the non-smooth deterministic inversion (DET-ME), no cutoff

is used for the latter. WRMSE is the Weighted Root Mean Squared Error associated with the

data misfit. RMSEθ quantifies the difference between the true and most likely moisture plumes

for each stochastic and deterministic inversion.

Model Mass Error in Mass Center of Mass [m] Error in Center Standard Dev. [m] WRMSE RMSEθ

of Mass

[m3] [%] x y z [m] σxx σyy σzz [-] [m3 m−3]

True 1.70 N/A* 2.12 2.02 4.30 N/A* 0.55 0.65 0.89 1.00 N/A*

Order 2 1.70 0 2.15 2.05 4.36 0.07 0.63 0.72 0.89 1.08 0.006

Order 3 1.70 0 2.07 1.97 4.28 0.07 0.59 0.77 0.92 1.04 0.007

Order 4 1.70 0 2.11 2.07 4.30 0.05 0.59 0.68 0.88 1.01 0.005

Order 5 1.70 0 2.11 2.07 4.29 0.05 0.59 0.66 0.87 1.00 0.005

DET 1.59 -6.5 2.25 2.11 4.35 0.17 1.21 1.25 1.15 1.13 0.013

DET-ME 1.70 0 2.00 1.91 4.02 0.32 0.98 1.04 1.18 1.01 0.010

*Not applicable.
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Table 3. Main characteristics of the MCMC sampling runs of the homogeneous soil plume

case study with 567 data points only for orders 2, 3, 4 and 5. Nβ, Nα, β, α, Priorα, RLCTU ,

R̂CTU , and AR are defined in the caption of Table 1.

Order Nβ Nα Priorα RLCTU R̂CTU AR
×103 ×103 %

2 6 0 N/A* 0.43 1.6 27.0
3 6 7 -0.1 - 0.1 1.70 9.2 10.1
4 6 26 -0.1 - 0.1 11.86 NC** 6.3
5 6 63 -0.1 - 0.1 6.81*** NC** 11.4
*Not applicable.
**Not converged within the allowed 30,000 CTU .
***To speed up convergence, the order 5 sampling run
was initialized with the order 4 most likely model.

Table 4. First and second-order statistics of the true homogeneous soil moisture plume, the

most likely plumes obtained with orders 2, 3, 4, 5 and the ones obtained with the compact, mass

constrained and non-negative (DET-ME) deterministic inversions using 567 data points only.

RMSEθ is defined in the caption of Table 2.

Model Mass Error in Mass Center of Mass [m] Error in Center Standard Dev. [m] WRMSE RMSEθ

of Mass

[m3] [%] x y z [m] σxx σyy σzz [-] [m3 m−3]

True 1.70 N/A* 2.12 2.02 4.30 N/A* 0.55 0.65 0.89 0.98 N/A*

Order 2 1.70 0 2.15 2.05 4.36 0.07 0.63 0.72 0.89 1.07 0.006

Order 3 1.70 0 2.09 1.88 4.31 0.14 0.72 0.88 0.67 1.04 0.009

Order 4 1.70 0 2.11 2.07 4.31 0.05 0.59 0.71 0.86 0.99 0.006

Order 5 1.70 0 2.17 2.12 4.26 0.12 0.60 0.75 0.90 0.99 0.007

DET-ME 1.70 0 1.86 1.77 4.02 0.46 1.10 1.12 1.21 1.01 0.015

*Not applicable.
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Table 5. Main characteristics of the MCMC sampling runs of the heterogeneous soil plume

case study for orders 4 and 5 using 5103 data points. Nβ, Nα, β, α, Priorα, RLCTU , R̂CTU , and

AR are defined in the caption of Table 1.

Order Nβ Nα Priorα RLCTU R̂CTU AR
×103 ×103 %

4 6 26 -0.1 - 0.1 16.19 26.54 11.5
5 6 63 -0.1 - 0.1 4.68* 16.80* 15.3
*To speed up convergence, the order 5 sampling run was
initialized with the order 4 most likely model.

**Not converged within the allowed 30,000 CTU .

Table 6. First and second-order statistics of the true heterogeneous soil moisture plume,

the most likely plumes obtained with orders 4 and 5, and the ones obtained with the classical

least-square (DET) and compact, mass constrained and non-negative (DET-ME) deterministic

inversions. Statistics derived from the the classical least-square deterministic inversion (DET)

rely on a somewhat arbitrarily defined cutoff value of +1.2%, that is, 1/10 of the generated

maximum ∆θ value. RMSEθ is defined the caption of Table 2.

Model Mass Error in Mass Center of Mass [m] Error in Center Standard Dev. [m] WRMSE RMSEθ

of Mass

[m3] [%] x y z [m] σxx σyy σzz [-] [m3 m−3]

True 1.37 N/A* 3.07 3.51 5.50 N/A* 0.53 0.73 1.99 1.00 N/A*

Order 4 1.37 0 3.17 3.45 5.50 0.12 0.39 0.81 1.73 1.00 0.011

Order 5 1.37 0 3.14 3.39 5.59 0.17 0.48 0.80 1.96 1.00 0.009

DET 2.35 72 2.71 3.13 5.07 0.68 1.81 1.86 2.55 1.00 0.015

DET-ME 1.42 4 3.08 3.30 5.78 0.36 1.43 1.51 2.31 1.00 0.010

*Not applicable.
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Figure 1. Slices in the (a) true homogeneous soil plume model and the most likely models

obtained with orders (b) 2, (c) 4, and (d) 5, as well as the (e) model obtained with classical

least-square deterministic inversion (DET) and (f) compact, mass constrained and non-negative

deterministic inversion (DET-ME), at x = 2.0 m. The order 3 model is not shown, but its

morphology is relatively similar to order 2 and it has slightly smaller WRMSE: 1.05. Each

sampling or optimization run is based on the original dataset (5103 data).
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Figure 2. Slices in the (a) true homogeneous soil plume model and the most likely models

obtained with orders (b) 2, (c) 4, and (d) 5, as well as the (e) model obtained with classical

least-square deterministic inversion (DET) and (f) compact, mass constrained and non-negative

deterministic inversion (DET-ME), at x = 3.0 m. The order 3 model is not shown but its

morphology is relatively similar to order 2. Each sampling or optimization run is based on the

original dataset (5103 data).
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Figure 3. Marginal posterior pdfs of the inferred moisture content at 2 locations (x = 2 m, y

= 2 m, z = 4 m: top four panels; x = 3 m, y = 2 m, z = 4 m: bottom four panels) for the four

orders considered and the 5103 data points homogeneous soil plume case study. The red crosses

denote the values of the true model.
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Figure 4. Slices in the (a) true homogeneous soil plume model and the most likely models

obtained with orders (b) 2, (c) 3, (d) 4, and (e) 5, as well as the (f) model obtained with the

compact, mass constrained and non-negative deterministic inversion (DET-ME), at x = 2.0 m.

Each sampling or optimization run is based on 567 data only.
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Figure 5. Slices in the (a) true homogeneous soil plume model and the most likely models

obtained with orders (b) 2, (c) 3, (d) 4, and (e) 5, as well as the (f) model obtained with the

compact, mass constrained and non-negative deterministic inversion (DET-ME), at x = 3.0 m.

Each sampling or optimization run is based on 567 data only.
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Figure 6. Marginal posterior pdfs of the inferred moisture content at 2 locations (x = 2 m, y

= 2 m, z = 4 m: top four panels; x = 3 m, y = 2 m, z = 4 m: bottom four panels) for the four

orders considered and the 567 data points homogeneous soil plume case study. The red crosses

denote the values of the true model.
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Figure 7. Slices at x = 2.0 m for three realizations of (a - c) the posterior moisture pdf derived

with order 4, and (d - f) the posterior moisture pdf derived with order 5. Each sampling run is

based on 567 data only.
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Figure 8. Slices at x = 3.0 m in the (a) true heterogeneous soil plume model and the (b)

optimal least-square (DET) and (c) compact and mass-constrained (DET-ME) deterministic

models, as well as three realizations (d - f) of the corresponding posterior moisture pdf derived

with order 4.
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Figure 9. Slices at y = 3.0 m in the (a) true heterogeneous soil plume model and the (b)

optimal least-square (DET) and (c) compact and mass constrained (DET-ME) deterministic

models, as well as three realizations (d - f) of the corresponding posterior moisture pdf derived

with order 4.

D R A F T May 15, 2012, 4:25am D R A F T



LALOY ET AL.: MASS CONSERVATIVE 3-D HYDROGEOPHYSICAL INVERSION WITH MCMC X - 47

z−
di

st
an

ce
 (

m
)

True

10

8

6

4

2

0
Order 5 − 1

 

 

y−distance (m)

z−
di

st
an

ce
 (

m
)

Order 5 − 2

0 2 4 6
10

8

6

4

2

0

y−distance (m)

Order 5 − 3

 

 

0 2 4 6

θ 
[m

3  m
−

3 ]

0

0.05

0.1

0.15

0.2

0.25

0.3

θ 
[m

3  m
−

3 ]

0

0.05

0.1

0.15

0.2

0.25

0.3

Slices at x = 3.0 m

a

WRMSE = 1.00

b

WRMSE = 1.00

c

WRMSE = 1.00

d

WRMSE = 1.00

Figure 10. Slices at x = 3.0 m in the (a) true heterogeneous soil plume model and for (b - d)

three realizations of the corresponding posterior moisture pdf derived with order 5.
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Figure 11. Slices at y = 3.0 m in the (a) true heterogeneous soil plume model and for (b - d)

three realizations of the corresponding posterior moisture pdf derived with order 5.
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